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PREFACE

This unpublished paper was our first and rather fulsome attempt to treat the topic of
“well-formed scales.” We wrote it in the early-mid 1980s, the results of which were later
synthesized and greatly abbreviated to form the basis of our first published work on the
topic.! Whereas this paper situates the topic in Pythagorean pitch space (22 x 3%), the
1989 paper factors out the role of octaves (2%) and focuses on pitch classes generated
by fifths (3%). We returned to the methodology developed here in a 1996 paper where
we discuss the pervasive presence of “regions’ in medieval tonal spaces.? The linear
ordering of Pythagorean pitch space described on page 7ff became the basis for the
study of “Lambda words.”3

1Carey, N. and D. Clampitt, Aspects of well-formed scales. 1989. Music Theory Spectrum. 11(2),
187-206.

2Carey, N. and D. Clampitt, Regions: A theory of tonal spaces in early medieval treatises. 1996.
Journal of Music Theory. 40(1), 113-147.

3Carey, N. Lambda words: A class of rich words over an infinite alphabet. 2013. Journal of Integer
Sequences. Article 13.3.4.
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1. INTRODUCTION

There exists a correspondence, hitherto unacknowledged, linking many signifi-
cant musical scales to the elements of a certain class of mathematical structures.
These structures are interesting in themselves for their purely mathematical prop-
erties, involving topics from the theory of numbers such as continued fractions,
Diophantine equations, and the Chinese Remainder Theorem, among others. The
scales which share this common structure include certain pentatonic, diatonic, and
chromatic scales, as well as an Arabic scale system of 17 tones to the octave and
a Chinese system of 53 tones to the octave, and also such important musical rela-
tionships as tonic-subdominant-dominant and the octave itself.

Moreover, the existence of such a relationship raises a number of questions,
discussed in a brief interpretation which follows the mathematical argument, con-
cerning the way the mind hears music. For example, the mathematical description
will suggest a basis for the sensation many listeners have of hearing a scale such as
the diatonic scale as a succession of equal steps like steps of a ladder, in spite of
the fact that the diatonic scale is composed of unequal scale-step intervals. On the
other hand, the whole-tone scale, which is composed of equally-spaced whole tones
when played on the piano, does not evoke this response from most listeners.

The paradigmatic status of the diatonic scale in this and many other cultures is
another large question on which the mathematical correspondence has some bear-
ing. There is, again at least for many in this culture, a sense of completeness in
the diatonic scale, an intuitive sense of closure in a pattern of growth leading to
this scale, that is reflected in the remarkable passage of the Timaeus where Plato
describes the creation of the World-Soul according to the proportions of the dia-
tonic scale. Our analysis, deriving from the same Pythagorean tradition as this
passage, will locate the diatonic scale in a hierarchy of scales of similar structure,
and suggest some reasons for its pre-eminence.

The theory, however, is primarily descriptive. We demonstrate that all of the
scales mentioned above belong to the set of well-formed Pythagorean scales, all of
which are generated by the formula

R(A,B) = { 2(ak(*1)k(3*n) mod A , 3(bk(fl)k(n7A) mod B

O<n<A+B}

where A/B and ay, /by, are members of a certain sequence of rational approximations
to logs 3.

In what follows, the procedure will be to consider the set of tones expressed
in terms of the intervals octave and twelfth, which we will see is equivalent to
considering the set P where P = {2“3b |a,be Z}. (Throughout, Z refers to the
set of all integers.) This is known as Pythagorean tuning, and strictly speaking
the scales we will be discussing are all Pythagorean scales. Thus, for example,
when we speak of the diatonic scale we are referring to the Pythagorean diatonic
scale. However, after developing the theory in terms of Pythagorean tuning we will
indicate how it may be generalized to apply to other tuning systems, such as equal
temperament or mean-tone temperament.

We will show in an informal way that we can translate back and forth between the
set P and the notes of ordinary musical notation, but this is merely a convenience.
We make no assumptions based on ordinary musical notation, and as we will discuss
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below the elements of P are for us the symbols representing the tones and intervals
of musical space. A general Pythagorean scale will be represented by the ordered
sequence of P numbers 2713Y1 < 2723%2 < ... < 221H13U1 where the last value is
the double of the first, just as the last tone of the scale spanning an octave is the
duplication of the first.

Once this mapping between tone and number is set in place we will develop a
working definition of the mathematical entity we call a region, denoted by R4 p)-
The concept of a region allows us to define a well-formed Pythagorean scale and
a modal system of well-formed Pythagorean scales. The reader, even one without
a thorough mathematical background, will be able to use this operational defini-
tion to see that each of the scales mentioned in the introduction is a well-formed
Pythagorean scale.

Following this ad hoc derivation of the notion of a region, the exposition moves
to a much higher level of generality to delineate the algebraic structure underlying
all regions and hence all well-formed scales. The theorems we will prove will give a
complete account of the mathematical relationships which characterize the notion of
region in general. The development will lead us to results which can be summarized
by referring to the formula

{ (5 (~1)*(B=m)) o 4 . 304 (=1 (0= 4)) o 5

R, = 0<n<A+B}

Assuming A/B and ay /by belong to the required sequence, the tones of the
well-formed Pythagorean scale associated with (A, B) correspond to the elements
of Ra,p). As n ranges from 1 to B + 1 one octave of the well-formed scale is
obtained, and each sequence of B+ 1 consecutive integers within the sequence from
1 to A+ B—1 produces what a musician would call a mode or modal variety of that
scale over the range of one octave. The striking fact is that counting each modal
variety as a separate scale form exactly 100 different scale forms from world music
are seen to be well-formed scales. The roundness of this number is doubtless a
coincidence, but it suggests the variety of forms that are manifestations of a single
underlying phenomenon according to this theory.

2. PYTHAGOREAN PITCH SPACE AND THE NOTION OF Region

2.1. Some Preliminary Mathematics. For the mathematician we enumerate
the technical results which characterize the notion of a region and the well-formed
scales which it contains: We will be considering a subset of P,

P ={2°3"a,b€ Z;a,b>0}.

Thus P C Z and its elements can be ordered in sequence, 1,2,3,4,6,8,9,12, etc.
We make use of the notion of a connected set. We will give a technical definition of
connectedness, but for the time being it is enough to think of a connected subset
of P as an unbroken section of the above sequence. Likewise, a connected subset of
Z would be a set of consecutive integers. We show that each region is a connected
subset of P. Further we show that the region R4 p) is a connected and symmetrical
subset of a finite group associated with the ordered pair (A, B) which we denote
by G4,y and which is isomorphic to the cyclic group Zag.

We show that the mapping n — R4 p)(n) is strictly increasing for n from 1 to
A+ B —1, and we show that each region R4 p) is the image of the last A+ B —1
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elements of Z4p under an isomorphism v : Z,5 — G( A,B)- If we consider the
elements of Zap to be ordered as ordinary integers, the isomorphism v preserves
both order and connectedness as it maps these A+ B — 1 elements of Z4p onto the
elements of R4 p).

We prove also that in general well-formed Pythagorean scales are made up of
two scale steps. The two intervals are distinctly different, but from the point of
view of group theory they will be seen to represent a single element.

Along the way we will prove a little-known theorem of elementary number theory,
involving the solutions in non-negative integers of the Diophantine equation ax +
by = c. As Davenport writes, "The question of when this equation is soluble in
natural numbers is a more difficult one, and one that cannot well be completely
answered in any simple way.”*

In discussions of art and mathematics there are frequent references to the cele-
brated Golden number and the Fibonacci sequence associated with it. The theory
of well-formed Pythagorean scales reveals the basis for the frequent speculation on
the role of the Fibonacci sequence in the formation of scales.

2.2. Musical Scales. Since we will be considering musical notions in a very ab-
stract setting, it may be helpful to consider some reflections on the nature of musical
scales. In the most open sense a scale is understood to be an ordered set of pitches
spanning an octave. We would like our notion of scale to be as unrestricted as pos-
sible to start with, but we note immediately the role of the octave as the frame for
the scale. This is because tones at the interval of one or more octaves are universally
considered to be "the same” except for register: The octave is the equivalence rela-
tion among tones. The scale may be experienced, then, as the movement outward
and away from an initial tone, with a sense of return to the tone in its represen-
tation an octave higher. This sense of movement is the melodic sense of the scale,
which carries with it the implcation of a tonal context, that is, a musical situation
in which there is a central tone to which all other tones relate. Without offering an
explicit definition of tonality, we may at least say that its existence and operation
depend upon the polarity between tonic and dominant, that is, between the central
tone and the tone a perfect fifth above it.

The scale also has a more static aspect as a repertoire of available tones. In
practice, some scales are very much melodic structures in themselves: certatinly
the diatonic and pentatonic scales are, while in the case of the chromatic scale
the melodic sense is present but attenuated. In the Western world though, the
chromatic is pre-eminently the repository of available tones.

In either of these two contexts, however, the spatial analogy is useful for thinking
about scales. The octave is the measure of musical space, a yardstick marking off
equal portions of space, and a scale is a particular way of filling up that musical
space. Once the scale is determined through one octave it is completely determined:
a C major scale transposed an octave higher is still a C major scale. Not only is the
scale independent of register, but the type of scale is determined not by particular
pitches but by a sequence of intervals. Thus the invariant characteristic of the
major mode of the diatonic scale is the sequence of intervals whole step, whole step,
half step; whole step; whole step, whole step, half step. Similarly, even the most
complex musical edifice is essentially determined by its interval structure.

49, Davenport The Higher Arithmetic p. 32 Dover 1983.



STRUCTURAL PROPERTIES OF MUSICAL SCALES 5

2.3. Pitch and Number. Pythagoras is credited with the knowledge, probably
available to the ancient Babylonians and Egyptians as well, that musical intervals
correspond to simple proportions. The octave is determined by the ratio 2 : 1, the
fifth by 3 : 2, and the fourth by 4 : 3. Evidently an octave plus a fifth, or a twelfth,
corresponds to the ratio 3 : 1, and the double octave to 4 : 1. Pythagoras thought
in terms of string lengths, which are inversely proportional to pitch, while today we
are more inclined to consider frequencies, which are directly proportional to pitch.
This relationship between pitch and frequency is the fundamental correspondence
between tone and number.

We may assign, then, a positive real number to every pitch, and, in principle,
every positive real number determines a pitch. A musical interval corresponds
to a ratio between two frequencies, with the value 1 assigned to unison, while
any number greater than 1 represents an interval upward and a number strictly
between 0 and 1 representing a downward interval. That is, there exists a one-to-
one correspondence between the set of positive real numbers RO+ and all possible
musical intervals. Furthermore, two intervals with frequency-ratios 1 and 7o may
be combined to form another interval, and the frequency-ratio of the resultant
interval equals rire, the product of the two frequency ratios. Given r € R(")|r ,
corresponding to a given interval, adding unison to the interval leaves the interval
unchanged, which corresponds to the fact that 1r =, and 1/r € Rar with r% =1,
so for any interval there is another interval which combined with it results in unison.

The mathematical reader will recognize that the above can be stated concisely
by saying that the set of all musical intervals is a group isomorphic to the group
of positive real numbers . We can think of this isomorphism as providing a precise
translation between intervals and numbers, where adding intervals corresponds to
multiplying frequency-ratios.’

Ra' represents the universal set of pitches, and R(‘)Ir with ordinary multiplication
the universal group of intervals. This set is too big and chaotic, however, to be
useful as a musical universe of discourse. We consider instead a subset of the
universal group, the set of intervals which can be expressed as combinations of
octaves and twelfths. Since the octave (upwards) corresponds to the ratio 2/1 and
the twelfth (upwards) to the ratio 3/1, and since the ratio corresponding to the
combination of two intervals is the product of their respective frequency ratios, this
set is P = {23 | a,b € Z}. Evidently, if two elements p; = 23" and p, = 2°3¢
are in P their product, p;py = 297374 is in P, and if p = 23" is an element of
P, (23%)(27937%) = 1, so every element has an inverse which is in P. Therefore,
P is a subgroup of Ra' , the subgroup generated by the elements 2 and 3.

Of course, P can also represent tones, and we can assign note names in ordinary
musical notation to elements of P in the following way: We assign a tone Fg to the
number 1. The subscript on a note refers to the octave register, with the octave

5A group G is a non-empty set together with a rule for combining any pair of elements in G,
called an operation or a product, such that if g1,g2 € G, g1g2 € G, and such that the operation
is associative, i.e., (9192)93 = g1(g293) and containing an element e such that ge = eg = g for
all g € G, and containing an element ¢ for every g € G such that gg = e = gg.The element e is
called the identity element, and the element ¢ is called the inverse of g. It is easy to prove that
e is unique, and given g € G, g is unique.

A subset of G which is a group is of course a subgroup of G

Two groups G and H with operations - and o, respectively, are said to be isomorphic if there
exists a one-to-one mapping ¢ : G — H such that for all g1,g2 € G, i(g1 - g2) = i(g1) ©i(g2).
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containing Fy as a reference point. The choice of “Fy” is for notational convenience
and need not refer to any specific pitch. The note-name associated with 2?3° is
the name of the note a octaves and b twelfths from Fy, upwards or downwards
depending on the signs on a and b.

It is in fact the case that there is a one-to-one correspondence between the el-
ements of P and all the notes of ordinary notation, which is not surprising given
the long history of Pythagorean tuning in musical theory. Since we offer this ”dic-
tionary” only as a convenience for translation into the more familiar language of
musical notation we do not go into this one-to-one correspondence rigorously, only
remark that, first of all, the note name given by a letter and a certain number of
sharps or flats can be associated with a single integer by considering the familiar
cycle of fifths (or twelfths):

.Fb C» Gb Db Ab Eb Bb F C G D A E B Ff Cf Gf Di...
.-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9 10...
and secondly, the register of a note can be associated with the number of octaves

it is from some reference note.°

For us, the preferred symbol for representing a tone or interval will be an element
of P, unencumbered by the diatonic bias of ordinary notation, with its seven letters
corresponding to the seven tones of the diatonic scale system. As we saw above, the
system of letters and sharps or flats obscures the more fundamental relationship
which is the number of fifths (or twelfths) from some reference point. Therefore
we will make free use of the elements of P to represent tones as well as intervals,
and the distinction between tones and intervals should always be clear from the
context.

There is a further simplification of P which we will make much use of, and which
will help make the distinction between tones and intervals clear in practice. We
define P = {293 | a,b€ Z,a>0,b >0}, and in fact we can say that P is the
restriction of P to the elements of P which are integers. Any element of P can be
represented (in many ways) by a ratio of two P elements. The relationship between
P and P is similar to that between the positive integers and the positive rationals.
We will usually think of the elements of P as representing tones, which we can
name in reference to the note Fy. Then any interval can be represented as the ratio
between two P numbers, that is, as an element of P. Likewise, any sequence of
intervals can be represented by a sequence of ratios of P numbers.

Next we remark that there is an isomorphism of groups Z x Z = P, given by the
mapping £ : Z x Z — P : (21, 22) — 2%3% where the operation in Z x Z is addition
defined by (a,b) + (¢,d) = (a + ¢,b+ d) for all ordered pairs of integers. Clearly £
is one-to-one and onto P, and £ ((a,b) + (¢,d)) = (a,b) - £(c,d): (a,b) - £(c,d) =
(203%)(2¢34) = 29+¢3%*d = f(a + ¢,b + d) = £((a,b) + (c,d)). Therefore Z x Z is
an additive group isomorphic to the multiplicative group P. The identity element
in Z x Z is of course (0,0) and the inverse of (21, 22) is (—z1, —22).

The lattice points which Z x Z embodies enables us to think geometrically about
Pythagorean tones and intervals. However, Z x Z and P are not identical since we
can order the elements of P, that is, given any two elements of P we can decide
which is greater, according to the ordinary notion of order in arithmetic.

SCf. Eric Regener Pitch Notation and Equal Temperament University of California 1973.
Regener gives a treatment of musical notation in a mathematical setting.
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Similarly we can consider P in this two-dimensional setting, represented by the
positive quadrant of the lattice Z x Z. This two-dimensional version of P was known
in antiquity and is referred to as the Nicomachus Triangle. Of course, P can also be
ordered in a linear sequence. The interplay between the linear (one-dimensional)
sequence of P and the two-dimensional display of P provides the basis for much of
what follows. The accompanying diagrams show P in a two-dimensional array and
in a linear sequence. The reader will note that every pure power of 3 presents a new
tone, while every pure power of 2 re-presents the origin Fg in different registers.

27\\ 54 108 216 432 864

72 144 288

3
NN |
E

S

16 32

N7

0 1 3 4 5
Here the elements of P are arranged linearly, each element together with its
corresponding note and pair of exponents:

P 1 2 3 4 6 8 9 12 16 18
ZxZ: (0,0) (1,0) (0,1) (2,0) (1,1) (3,0) (0,2) (2,1) (4,0) (1,2)
Tone: FO F1 Cl F2 CQ F3 Gg Cg F4 G4

24 27 32 36 48 54 64 72 81 96 108
3.1 (0,3) (5,0) (2,2) (41) (L3) (6,0) (3,2) (0,4) (5,1) (2,3)
C4 D4 F5 G5 C5 D5 F6 G6 A.6 C6 D6

128 144 162 192 216 243 256 288 324 384 432
(700 (4,2) (1,4) (6,1) (3,3) (0,5) (80) (52) (2,4) (7.1) (4,3)
F; G7 A7 C7 D~ E; Fg Gg Ag Cg Dg
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486 512 576 648 729 768 864 972 1,024 1,152 1,296
(1,5) (9,0) (6,2) (3,4) (0,6) (81) (53) (2,5) (10,0) (7,2) (4,4)
Es Fy Go Ay By Cy Dy Eg Fio Gio Ao

1458 1,536 1,728 1,944 2048 2,187 2,304 2,592 2,916 3,072 3,456
(1,6) (9,1) (6,3) (3,5) (11,0) (0,7) (8,2) (5,4) (2,6) (10,1) (7,3)
Bio Cio Do Eupo Fu Fin Gu A Bu Ci1 D11

3,888 4,096 4,374 4,608 5,184 5,832 6,144 6,561 6,912 7,776 §,192
(45) (12,0) (1,7) (9,2) (6,4) (3,6) (11,1) (0,8) (8,3) (5,5) (13,0)
Ei1  Fio Ffhia G2 A B Ci2 Cfiz Di2  Eqpo Fi3

8,748 9,216 10,368 11,664 12,288 13,122 13,824 15,552 16,384 17,496
2,7 (10,2) (7,4) (4,6) (12,1) (1,8) (9,3) (6,5) (14,0) (3,7)
Ftiz  Gis Ay Bis Cis Ctis Di3 Eq3 Fia Fii1a

18,432 19,683 20,736 23,328 24,576 26,244 27,648 31,104 32,768
(11,2)  (0,9) (8,4) (5,6) (13,1) (2,8) (10,3) (7,5) (15,0)
Gua Gfus Ay B Cia Chig Dis Ei4 Fis

The Linear Sequence of P

2.4. Definition of the Region R4 p). At this point the framework for the theory
of well-formed Pythagorean scales is in place We proceed to offer a definition of the
region R4 p), an operational definition in the sense that it gives a procedure for
constructing all regions, making use of the set P and two properties, connectedness
and complementarity.

Let S be a subset of P and let p € P. S is a connected subset of P if, whenever
Sa < p < sp, where s, and s, € S, it is true that p € S. The connected subsets of
P may be regarded simply as uninterrupted sections of the linear sequence of P.
A pair of elements that are adjacent in the linear sequence will be called connected
elements.

Suppose that 24 and 38 are connected elements in P. By inspection we know
that connected pairs of pure powers exist. (For example, 3 = 3! and 4 = 22 are con-
nected, and so are 27 and 32, i.e., 3% and 2°.) Let S 4 5) = {p | p < 2% and p < 38}.
S(a,B) is then the connected subset of P which contains all of P up to, but not
including 24 or 3. Tt follows that for any s = 2%3% Sa,B),a<Aandb< B, ie.,
a€ Zaandb € Zg, and S(4 gy is asubset of G4 ) = {2“3b |a€ Zyand b e ZB}.
G(a,p) is the set of all factors of the number 24-13B-1 The element 2471381 ¢
G(a,p) and is the least common multiple not only of the elements in G4 gy but
also of those in S(4,p), because 241 and 35-! both belong to S(a,p) and have
no common factors. In general, if g and g/ belong to G(,p), and ggr = 2471381
we say that ¢ and ¢/ are complementary factors of 2471381 or that they are
complements of each other.

The elements of G4, ) are ordered from 1 to 24-13B-1 ip the following way:

g1(=1)<ge<---<gap(= 2A*13B*1)
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The complements are ordered symmetrically, as follows:
gn(=24713"1 > g1y > - > grap(=1)

This property is of course very general, in that the factors of any positive integer
are ordered symmetrically in this way. Suppose n; and n; are any two factors of
some positive integer N, with n; > n;. Then nj/nl > 1. If ny/ and n;/ are the
respective complementary factors of N, n;n;/ = n;jn;j/ = N. Then n;//n;/ = n;/n;.
Therefore n;//n;! > 1, or n;/ > n;/ so the order of the complements is the opposite
of the order of the factors. In our example,

91<"'<gAB:gll>"'>gAB/

We define a set of complements in G4 p) to be a subset R of G4 p) such that,
if r € R, then 17 € R. G4, p) itself of course satisfies this definition.

The region R4, p) is defined to be the largest connected set of complements in
G(a,B)- S(a,B) is the largest connected subset of G4 gy, so

R(A,B) C S(A,B) C G(A,B)-

Since R(4,p) is a set of complements it displays the same symmetry as does all of
Ga,B)-

It is important to keep in mind that this definition of R4 p) starts from the
premise that 24 and 3% are connected. It would have been possible to define sets
G, S, and R for arbitrary positive integers A and B, but for R4 p) to have the
structure of a region we require that to begin with 24 and 3% be connected. We
refer to the ratio of these connected pure powers as the prime ratio p(A, B), where
p(A,B) = 3—2 or g—i, whichever is greater than 1. In the case 24 > 38 we say
p(A, B) is positive, and in the case 3% > 24 p(A, B) is negative. If p(A, B) is
positive, it is the P element 24375 if negative, the P element 2-43%. Since
p(A, B) is an element of P, it represents an interval, so each region is determined
by an interval.

In the case (A, B) = (1,0), 2! = 2 and 3° = 1 are connected in P, but Reap) =
Sy = G, = (). To avoid trivial complications later we will add the further
restriction that R4 p) be non-empty. As long as B > 1, R4 gy # 0: Certainly
s = 203571 and s = 24713 are in S(4 p) as noted above. Then at least these
elements (or this element, if A = B = 1) belong to R4 py. If B > 1, then there are
elements in G4 gy that are not in S 4 p), hence elements in S(4 py not in R4 p).

Assuming 24 and 37 are connected in ]5, the region R4 p) is defined to be the
largest non-empty connected set of complements in G4 p). Table 2.4 gives the
situation for the first four prime ratios:

(A,B) p(A,B) Interval G(A,B) S(A,B) R(A,B)
(1,0) 213°=2/1 Octave 0 0 0
(1,1) 27131 = 3/2 Fifth {1} {1} {1}
(2,1) 22371 = 4/3 Fourth {1,2} {1,2} {1,2}
(3,2) 27332 = 9/8 Whole Step {1,2,3,4,6,12} {1,2,3,4,6} {2,3,4,6}

Table 2.4
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In order to show the musical significance of regions we develop the next two
examples, the Structural Region and the Pentatonic Region.

The next connected pair of pure powers, that is, the next prime ratio, is p(5,3) =
32/27, which corresponds to the Pythagorean minor third.

9 18 36 72 144

G5, = {2°3" |a € Zs and b € Z3} 3 6 12 24 | 48

1 2 4 8 16

S(5,3) C G5,3)

G(5,3) consists of the 15 factors of 144 = 2432 and contains the 11 elements
of S(5,3) plus the four elements 144 (232), 72 (233%), 48 (2*3'), and 36 (223?).
The complements of these four are the first four elements of S5 3y, 1 (= 2030), 2
(=2'3"), 3 (= 2°3'), and 4 (= 223°). The remaining 7 elements form R(s 3), the
largest connected subset of complements in G5 3).

9 18 36 72 144

3 6 12 24 | 48

1 2 4 8 16

R(53) C G5,3)

6 8 9 12 16 18 24
(L,1) (3,0) (0,2) (2,1) (4,0) (1,2) (3,1)
C2 F3 G3 Cg F4 G4 C4

This region embraces the key proportion of Greek musical theory 6 : 8 :: 9 : 12
taken over two octaves. This proportion has the property that 8 and 9 are the har-
monic and arithmetic means, respectively, between 6 and 12. Musically, of course,
this proportion corresponds to the structure, Tonic, Sub-Dominant, Dominant, and
Tonic, which forms the framework of fixed tones for many scales throughout the
world. All of this leads us to call R 3) the Structural Region and the elements of
R53) the structurals.

Ancient Greek theory estabished the modes within the ”dis-diapason,” a distance
of two octaves, and there is a tradition which maintains a two octave span for this
proportion.” The fact that the span of the Structural Region R53) is exactly two
octaves is a feature peculiar to this region, as we will see, but it provides R 3) with
a particularly high degree of symmetry, neatly dividing it into two ”well-formed”
symmetrical scales.

"Cf. Schola Enchiriades
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Inspection of the linear sequence of P shows that the next prime ratio is p(8,5) =
2835 = 256/243, the limma or diatonic half-step. The figure below shows the 12
elements of the region Rg 5 as a subset of G g 5):

81 162 | 324 648 1296 2592 5184 10368

27 54 108 216 |432 864 1728 3456

9 18 36 72 144 | 288 576 1152

3 6 12 24 48 96 192 | 324

1 2 4 8 16 32 64 128

Rs5) C Gs.s)
The 12 Elements of the Region R g 5)

48 54 64 72 81 96 108 128 144 162 192 216
(4,1 (13) (6,00 (3,2) (0,4) (,1) (2,3) (70) (42) (L4) (61) (3,3)
Cs Ds Fs Gs Asg Cs D¢ Fr Gr Ar Cr D~

Giving note-names to the first six elements of R(g 5y we see the region begins Cs,
Ds, Fg, Gg, Ag, Cg: the pentatonic scale, or more precisely, one of the modes of
the anhemitonic pentatonic scale, which is an important scale in the music of many
cultures. Rgs) contains all modal varieties of the anhemitonic pentatonic scale,
and we refer to it as the Pentatonic Region.

The Pentatonic Region motivates our definition of a well-formed Pythagorean
scale. We recall that in general a scale may be represented by a sequence of tones
spanning one octave, and so a general scale in Pythagorean tuning may be repre-
sented by a sequence of P numbers 2713¥1 < 2%23¥2 < ... < 2@+13u1 - Again,
since scale-step intervals determine the type of scale, we lose nothing by translating
or transposing from P to P. (Simply multiply each 2%:3% by the lowest common
denominator of all of the elements of the scale to obtain a new sequence of P el
ements p; < Py < --- < P, = 2p;. If the greatest common factor (GCF) of the
integers p1, P2, -+ < Py is 1, we say the Pythagorean scale is reduced. If a scale is
not reduced, it can be reduced by dividing each of its elements by the GCF. We
say that a Pythagorean scale is well-formed if it is connected in P and is a subset
of a region, or if when reduced it is a connected subset of a region. The different
well-formed Pythagorean scales associated with a region R4 py comprise a modal
system of well-formed Pythagorean scales.

These definitions and the example of the Pentatonic Region lead us to ask if
there exists a Diatonic Region containing all modal systems of well-formed diatonic
scales. In fact, 21! = 2,048 and 37 = 2,187 are connected in P, with p(11,7) =
271137 representing the interval from F to Ff, the chromatic half-step. The region
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associated with this interval, R(;17) is such a Diatonic Region. It contains all
possible modes of the diatonic scale, since it spans two octaves and a major third
of the diatonic scale from Cg to Eq¢:

384 432 486 512 576 648 729 768 864 972 1024 1152 1296 1458 1536 1728 1944
Cs Dg Es Fo Gog Ag B9 Co D9 Eg Fio Gio Ao Bio Cio Dio Eio

The Diatonic Region R(11,7)

The next example of a system of well-formed scales is the set of chromatic
scales associated with the Chromatic Region R(19 12). However, we have just about
reached the limit of the usefulness of our ad hoc approach to the determination of
regions since the numbers are getting very large and the sequence of P numbers
very long. In this case, 2!9 = 524,288 and 3'2 = 531,441 are connected and p(19, 12)
= 2719312 corresponds to the interval from F to Ey, the Pythagorean comma.

134,217,728
Th t ted pair is 3'7 and 2%7 p(27,17) = 2273717 = — 2
e next connected pair is an p(27,17) 199,140,163

However, this region also gives rise to an important system, the Arabic division of
the octave into 17 parts.®

This is a remarkable correlation, to say the least. We hope the musician will find
it interesting to reflect on the pattern of growth displayed in the formation of these
scales, as the octave is progressively filled in, or, from a slightly different point of
view, on the hierarchical arrangement of these scales.

So far we know very little about regions beyond what is contained in the defini-
tion, and, as we have remarked, the practical usefulness of the operational definition
even for computing higher order regions is limited. Moreover, the correlation be-
tween regions and significant musical scales together with the mathematical prop-
erties, namely connectedness and symmetry, which regions are known to possess,
motivate a mathematical treatment of general regions. The aim of the next section
will be to prove theorems which will yield a deeper understanding of regions and
well-formed scales.

3. REGIONS FORMALIZED

The next central section is highly technical. In fact, it can be read as a work of
pure mathematics. Nonetheless, when the scaffolding of logical argument and ab-
stract symbolism is cleared away, what remains is a new way of seeing and thinking
about the scales we have been considering. As with any abstract mathematical text,
the best way to get past the symbols to the essential ideas is to refer to particular
examples or counterexamples. For instance, the reader can conveniently test many
of the theorems with the example of the Structural Region, R s 3).

To begin the mathematical investigation of the set of regions R4 p) it will be
useful to develop some preliminary notions from elementary group theory and the
theory of continued fractions.

3.1. Group Theory. First of all, the set G(4,p) may be made into a group by
defining an appropriate multiplication. (For the purposes of this discussion it is not
necessary to put any special conditions on the ordered pair (A4, B). Thus G4, p)

8Curt Sachs The Rise of Music in the Ancient World: FEast and West pp. 279-280. W.W.
Norton 1943
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is the set of all factors of 24~! and 38~! where A and B are any two positive
integers.)

To see how G4,y becomes a group first consider Zy = {0,1,... N — 1} where
N is any positive integer. Zn may be provided with an operation “addition modulo
N7 as follows: Let z1,20 € Zx. Then simple division, sometimes called Euclid’s
Theorem, says that z; + zo = Nq+ r for unique integers ¢ and r where 0 < r < N,
ie.,r € Zn. Then we say (21 + 22) ,,0q v = 7 OF, if the context is clear, 21 + 20 = 7,
where the symbol “4” is understood to represent addition modulo N. In this
way a closed operation is defined for Zn and the reader can readily determine
that Zn provided with this operation is a finite group with N elements. Zy is
called the cyclic group modulo N because the whole group can be generated by a
single element. Any element k relatively prime to N repeatedly added to itself will
generate he whole group, returning to the element k after one cycle. The group
may be visualized as a clock with 0 at 12 o’clock.

Then Z, and Zp are groups and Z4 X Zp = {(a,b) | a € Z4,b € Zg} can be
considered a group with addition defined as follows:

Let (a,b) and (¢,d) € Z4 X Zp.

(a, b) + (C? d) = (((1 + C) mod A’ (b + d) mod B) .
Again, clearly Z4 x Zp is a group with the operation defined.

There is a natural one-to-one correspondence between G4 gy and Za X Zp
defined by A\: Za X Zp — G(Ayg) : (a,b) — 223% and A7 : G(A,B) = LA X Zp:
203% — (a,b). G'(a,B) can be made into a group and A into an isomorphism of groups
by defining multiplication in G4 5) by (2¢3%)(2°3%) = (2(2F) moa 43(0+d) wmoa 1),
Then A ((a,b) + (¢,d)) = A(a,b) - A(c,d) for all (a,b),(¢c,d) € Z4 x Zp:

A((a,b) +(¢,d)) = (@ +¢) poq 4> (0 +d) 1oa 5)
= 200+ moda 3+ Dmodn = (293%)(2°3%) = A(a, b) - A(c, d)

The group structure of Z4 x Zp is then carried over to G(4,p) and A is an
isomorphism between the two groups.

If we add the condition that A and B are relatively prime it is also true that
Z A x Zp and Zap are isomorphic, where Z4pg is the cyclic group modulo AB.

To show that Z4 x Zgp = Z g when A and B are relatively prime we make use
of a lemma which will be useful later on so we label it

Lemma 1.
(A(y mod B) + B(I’ mod A)) = (Ay + BI) mod AB

Proof. We will show that both sides of the equation are congruent to Ay’ + Bx/ o4 4B
where x = x/ + As and y = y/ + Bt for some integers s and ¢ and such that
0<ar< A 0<y <B:
(A(Y mod B) + B((% mod 4)) = (A((y + Bt) 104 ) + B((27 + A5) 1104 4)) mod aB
= (Ay/ + Bx!) o4 B
Also,
(Ay + B) 00 ap = (A(y/ + Bt) + B(x/ + AS)) 1104 4B
= (Ay/+ B! + AB(t +5)) phoa ap = (Ay/ + Bal) o4 ap
Therefore (A(Y mod B) + B((Z mod 4)) = (Ay + Bx) 4 ap-



14 NORMAN CAREY AND DAVID CLAMPITT

Now consider the mapping p : Za X Zp — Zap : (z,y) = (Ay + Bx) 04 ap-
where it is understood that addition on the left-hand side is in Z4 x Zp, and
addition on the right-hand side is in Z4p, i.e., addition modulo AB.

Let z; = (x1,y1) and 2o = (22, y2) be elements of Z4 x Zp. Then

(21 + 22) = p((x1,91) + (v2,92) = 1 (71 + 22) oa 40 W1 +¥2) mod B)

= (A((1 + ¥2) moa ) T B((T1 + Y1) 1104 4)) mod 4B
= (A(y1 +y2) + B(z1 4+ ¥1)) yoa ap (by Lemma 1)
= ((Ayr + Bx1) + (Ay2 + B2)) 1104 4B
= ((Ay1 + Br1) oq ap + (A2 + B22) 1od aB) mod 4B

= (121 + 22)) mmoa ap = #(21) + p(22)
Therefore p(z1 + z2) = p(z1) + p(z2) and since both sides of the equation are
elements of the set Z4p, in fact we have u(z1 + 22) = p(21) + p(22), bearing in
mind the different meanings attached to the symbol ‘+’ on the right and left sides
of the equation.

The condition that A and B are relatively prime comes into play in demonstrat-
ing that p is one-to-one and onto, which is what remains to be shown for p to be
an isomorphism.

For p to be one-to-one means that if 21 # 20 € Z4 X Zp, then u(z1) # p(zq).
Suppose on the contrary that there exist two distinct elements of Z4 X Zg, 21 #
zo, such that wu(z1) = wp(z2). If 21 = (x1,11) and zo = (z2,y2), then either
(@1 —22) pod a 0, OF (Y1 — ¥2) oq 4 7 0 since z1 # z9. Let s = (21 — 22) ,0q 45
t= (W1 —%2) moan Then0<s< A 0<t< B, and at least one of them is not
Zero.

Now p(z1) — p(z2) =0, so pu(z; — 2z2) = 0 and

21— 22 = (21 = 21) poq 40 (W1 = ¥2) moa p) = (,1). Thus pu(s,t) =0, ie.,
(At + Bs) . .oq ap =0, or At+ Bs = ABFk for some integer k. But then % +s= Ak
and t+ % = Bk, meaning that both % and % are integers. But ¢t < Band s < A,
so it is impossible for both to be integers. Therefore p(z1) # p(z2) whenever
21 # 29, and p is a one-to-one map.

Ontoness of p is comparatively easy: Both Z4 x Zp and Z 4p have AB elements,
so it is enough to know that p is one-to-one to also know that it is onto Zap.

Putting all of the above together we see that u satisfies the requirements for an
isomorphism of groups, and so for A and B relatively prime, Z4 X Zp = Zp.

This result will be of such importance that we spell out what it means, at the
risk of belaboring the subject. That p is one-to-one and onto Z4p means that
every element of Z,p can be expressed uniquely in the form Ay + Bz for some
(x,y) € Z4 x Zp, and there exists an inverse mapping ' : Zap — Za x Zp.?
Finally, since Z4 X Zp = Zap, Zap is a cyclic group when A and B are relatively
prime.

Now restricting (A, B) to values such that p(A, B) is defined, i.e., where 24 and
35 are connected, we ask if necessarily A and B are relatively prime. Certainly
this has been true in the examples we have encountered so far.

Let 24 > 35, Suppose 24 and 3% are connected but A and B are not relatively
prime i.e., there is some integer n > 1 such that A = an and B = bn for integers

9This fact is closely related to the celebrated Chinese Remainder Theorem of number theory.
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A and B. Then 2% > 3% since 3° > 2% implies 3% = 3" > 2¢" = 24 Therefore,
24 = gan > ga(n—1)3b > gagb(n—1) » gbn — 3B gince n > 1 and substituting 3°
for 2% decreases the value of the P number. So 24 and 32 could not be connected
after all. The same argument obtains in the case 3% > 24.

Therefore, for 24 and 32 to be connected, a necessary condition is that A and
B be relatively prime. (It is not a sufficient condition, of course. For example,
3% = 81 and 27 = 128 have between them the P numbers 253! = 96 and 223% = 108.)
Putting all of the preceding together, when p(A, B) is defined, G(4,p) = Za x Zp =
Zap and we can define the isomorphism v = Au~!, where

—1
v:iZap — Gp: M () 2273V

Zp X Zp A G(A,B)

ZAB

In the principal theorem we will prove characterizing the region we will examine
the effect of these isomorphisms on the elements of R4 py, as they are mapped into
the various versions of the cyclic group.

3.2. Continued Fractions. The region R4 p) is defined in terms of the connected
pair of elements 24 and 3%. So far the only information we have about these
numbers is that A and B must be relatively prime. We do not know anything
about the ordered pairs as such, how to compute them, even whether or not the
number of such pairs is infinite. The branch of mathematics which provides the
tools for answering these questions is the branch of number theory referred to as
the theory of continued fractions. Therefore, we will give a brief treatment of
continued fractions, referring the reader unfamiliar with the topic to introductory
texts in number theory for proofs and more detailed discussion.!’
A finite continued fraction is a number of the form

1

(3.1) to +

t1 +
to +
ts + ———

—_

where t1, t1...t, are positive.
For example,

10C.D. Olds Continued Fractions Random House 1963; Hardy and Wright An Introduction to
the Theory of Numbers Oxford University Press 1979.
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45 1
3.2 — =2
(3.2) 16 * 1+ 1
4+ L
3
For brevity, the continued fraction is notated [2; 1, 4, 3], or generally, [to; t1,t2,. .., tn]-

The t; are called the partial quotients of the continued fraction.
We develop some aspects of the continued fraction, beginning with a way to
conveniently calculate its value.

Given a continued fraction [to; 1,2, ..., t,], consider the sequence of continued
fractions ¢g = [to], c1 = [to;t1], ca = [tost1,t2], ..., cn = [tost1,t2, ..., tn]. The ¢
are called the convergents of the continued fraction [to;t1,ta, ..., tn]-

Theorem 1. Continued Fraction Theorem 1
Leta_5=0,b_9=1,a_1=1,b_1 =0 and define recursively a; = t;a;_1+a;_2
and b; = tia;—1 +b;_o. Then ¢; = 3+ fori=0,1,...n.

Proof. The proof is by induction. For i = 0, ¢y = [to] = to and

a0:t0~1+0:t0
bQ:to'O—l-l:l

a
SO ¢g = b—o and the theorem holds in this case.
0

1 tot 1
For i = 1, Cc1 = [to;tl] :t()—l— —_ = g Now
tq ty
ai =tiap+ a1 =tot1 +1

by =tibg+b_1=1t-14+0 =1t

and again the theorem holds. Now we know the formula holds in the first two
cases. We assume it holds for the first k cases, and we show it then must hold in
the (k + 1)th case:

Note that ¢ and cg4q differ only in that in cg4q the term t; is replaced by

ck = [to,t1,ta, ..., L]

1
Ck+1 = [to,tl,tg, ey (tk + 7)]
Tit1

So cr+1 can be written as a continued fraction with k terms and the induction
hypothesis can be applied. (Changing ¢ to tx1+1 has no effect on the value of the
previous cx—1 and cg_o, which depend only on tg, 1,...tx—1.) Then
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tht1

(tk + L) k-1 + ar—2

Chk41 = By the induction hypothesis
(tk + ﬁ) br—1 + b2

g (tkak—1 + ag—2) + ar—1 Multiplying numerator and denom-

 tpgr (tebp—1 Fbp_2) + b1 inator by tx41 and rearranging terms

thy10k + ap— a . . .
= ktlk kol _ EA and the theorem is proven by induction

C tkpibr Hbr—1 brpa
O

In particular, if ¢,, is the last partial quotient, the value of the continued fraction
is
ai o tnanfl + Qp—2
bn tnbn—l + bn—2

The next result, also proved by induction, is a fundamental property of the
convergents of a continued fraction.

Cp =

Theorem 2. Continued Fraction Theorem 2
Let ay, by, and [to;ty .. .1,] be defined as before. Then agiiby — arbpr1 = (—1)F

Proof. The theorem is trivially true for K = —2, no matter what the particular
fraction [to;t1...ty] is, and for k = —1, (¢x-0) — (1-1) = =1 = (=1)"! and the
theorem holds again. In the case of k = 0, a1by — apby = ((tot1 + 1) - 1) — (tot1) =
1=(-1)"

Next we assume that the theorem holds for some k — 1 where &k < n — 1, and
prove that it then holds for k: By hypothesis axby_1 — ax_1bx = (—1)¥~1. Since,
by Theorem 1 ajy1 = tgp+1ak + ax—1 and byy1 = tg4+1bx + bx—1, we can write

ap1be — apbpyr = (thyrar + ap—1) by — ap(tpr1br + bp—1)
= lpr1akby + ag—1by — tpr1akby — arby_1
= ap—1by — arbr—1
= (=1)(arbr—1 — ap—_1bx)
= (=) (=1)F
= (-1

and Theorem 2 is proven by induction for k£ up to and including n — 1. O

So far the only condition we have placed on the partial quotients tg,t1,...t, is
that tq,...t, are positive numbers. From now on, we will assume that the partial
quotients tg,t1,...t, are all integers, with t;,...¢, all strictly positive integers.
Then [to;t1,...t,] is called a simple finite continued fraction, but since in the
sequel we will only only be concerned with simple continued fractions, we will just
use the term “continued fraction.” Naturally, the Continued Fraction Theorems 1
and 2 still hold.

Since now the partial quotients ¢; are integers, it is also true that a; and b; are
integers and Theorem 2 has the following important corollary:
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Theorem 3. Continued Fraction Theorem 3

For any continued fraction ¢; = [to;t1,...t;], ¢; = a;/b; is in lowest terms, i.e.,
a; and b; are relatively prime integers.
Proof. ¢; = a;/b; according to Theorem 1. Now, by Theorem 2, a;1b; — a;b;41 =
(—1)* so any integer which is a factor of b; and a; must be a factor of (—1)%.
Therefore, the greatest common factor of a; and b; is 1, that is, a; and b; are
relatively prime. U

Another corollary of Theorem 2 is a statement about the differences between
two successive convergents.

Theorem 4. Continued Fraction Theorem 4
(=1)F

- br+1bs

1
fork=0,1,...n—1, and |cx41 — k| < —5

(br)?
Proof. By Theorem 2, ajy1by — arpbry1 = (—1)* and when ¢, is defined, b, and
bi+1 are non-zero, so dividing through by by41b;, we have

Ck+1 — Ck

Ak+1 Ok _ (—D*
bry1 bk brtiby

Note that by is positive and since by = 1, by = ¢t; > 1, and if & > 1, by =
tibr—1 + bg—2 > by—1. (Observe that tx, > 1, by_o > 1if k > 1.) So by > by_1 if
1

(bx)*"

k> 1, or bgy1 > by if k> 0 so we have |cp41 — x| <

O

This will be important when we consider infinite continued fractions.
Similarly, we have a result about the even convergents and the odd convergents:

Theorem 5. Continued Fraction Theorem 5

te(—1)
Mforkzo,l,l...nfl

b2 = br+20%
+

That is, if k is even, cgy2 > ¢k, and, if k is odd, cxy2 < c.
Proof.
Qk+2  k _ Qpy2bi — agbio

Cobks2 b br+2bx
Then substituting for aiyo and bg4o by

Ck42 — Ck

Q42 = tgy20k+1 + ak

brt2 = tpt2brt1 + by

we have
~ (trg2ars1 + ag)be — ap(teyobryr + br)
Cky2 —Cp =

bi+2bk

_ tht2(ary1be — apbry1) + agby — arby
br+2bk

_ tee(=D)F

br+2bk
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Thus if k is even, ciyo — ci is positive, i.e., cx42 > ¢k, and if k is odd, ciya — ¢k
is negative, i.e., cx12 < ci. Putting the results of Theorems 4 and 5 together we
can see that the even convergents are strictly increasing, the odd convergents are
strictly decreasing, and every convergent c; where k > 2 lies between the previous
two convergents. Thus ¢y < co < ¢15 c3 < c3 < €15 €2 < ¢q < €3; ¢4 < 5 < ¢3. SO
cp<cyg<cg<---<cs<ceg<ec,and ¢, is the greatest of the even convergents or
the least of the odd convergents.

We remark that any finite continued fraction may be written with either an odd

or an even number of terms:

1 1
if t,, > 1, tf = 7150 [to;tl,...tn] = [to;tl,...(tn—].),].],

" (tn_l)""I
1 1 1

and, if ¢, = 1, = 1:(t 1
n—1
(tn—l)‘i’? (tn—l)‘i'I

n
SO [to; t1,... tn] = [to;tl, ce (tn—l + 1)]
Any finite continued fraction clearly represents a rational number h/k where

h,k € Z: By Theorem 1, the continued fraction has the value ¢, = Z—n and a,

and b,, are integers when the partial quotients are integers. It is also truenthat any
rational number may be represented by a finite continued fraction which is unique
except for the possible modification of the last term just mentioned. Since this
result is not essential for our purposes we will not prove it, but merely illustrate
the continued fraction algorithm with an example. A proof can be had by examining
this algorithm and noting its close relation to the Euclidean algorithm, the repeated
application of Euclid’s theorem. For example, to express 45/16 as a continued
fraction we proceed as follows:

45 13 16 3 13 13
16 +16’ 13 +13’ 3 +3’1
1
45 _
Therefore, 75 =2 + — 1
14—
+4+1
3

The continued fraction algorithm illustrated above may be applied to an irra-
tional number, but in this case the process continues indefinitely, generating an
infinite sequence of integers. In fact, though again we do not prove it, the con-
tinued fraction algorithm sets up a one-to-one correspondence between the set of
all irrationals and the set of all infinite sequences of integers, tg,t1,...t, ... where
ti,ts,... are positive.

We do show that any infinite sequence of integers tg,t1,...t, ... with t1,ta,...
positive defines an infinite continued fraction [to;¢1,...]: If ¢k is defined as before,
the question is whether ¢, approaches a limit as k£ increases without bound, and
we appeal to the fundamental theorem of analysis that a bounded, monotonically
increasing or decreasing sequences converges to a limit. Theorems 1 through 5 may
be applied to the ¢k, so we immediately have the result that the even convergents
are strictly increasing and the odd convergents are strictly decreasing. Moreover,



20 NORMAN CAREY AND DAVID CLAMPITT

the even convergents are all less than any odd convergent, and vice versa, so both
sequences are bounded, so both approach limits. The only thing to see is that they
both approach the same limit. Let Lg be the limit of the even convergents and
Lo be the limit of the odd convergents. If the limits were unequal, Lo — Lg > 0.

1
Applying Theorem 4, we have |ci41 — ci| < o2 for £ > 0. Now one of k, k+1 is odd,

k
one is even, 80 |ck+1 — ¢k| > Lo — Lg > 0. Also by Theorem 4, bi41 > by if & > 0,
and in fact, it is easy to see that by increases faster than k, so lim ——— =0 1
k—o00 (bk+1)
That is, we may choose k large enough that the difference between [ci41 and ¢y is

less in absolute value than any real number, however small, and in particular large
enough so that |cg+1 — ¢x| < Lo — Lg > 0, contradicting the previous statement.
Therefore, Lo = Lg = x, and we may write

Theorem 6. Continued Fraction Theorem 6
r = [to;tl,...tk...].

We have just proved that the sequence of convergents ¢ for an infinite continued
fraction [to;t1,...] approaches a limit x, which we can define to be the value of
the continued fraction. So far we know that the subsequence of even convergents
approaches = from below, and the subsequence of odd convergents approaches x
from above. In fact, each convergent is closer to x than the one before. Again,
since we do not need this result we will state it without proof.

A result which we will appeal to later is the following;:

Theorem 7. Continued Fraction Theorem 7
If ay /by, is a convergent to the continued fraction whose value is x, there is no
rational number p/q with q < by, that lies between x and ay/by.

That is, if ax/br < p/q < z, or © < p/q < ap/bk, then ¢ > br. (A stronger
result is possible, namely that any p/q which is closer to x than aj /by must have

denominator g > by.)
/

m m
The proof requires a LEMMA: if — < : < — and mn’ —m'n = —1, where all

n
letters represent positive integers, then ¢ > n and ¢t > n/'.

Proof. Proof of LEMMA:

m s m m

0<——-<———.
n t n n
m't—n's  m'n—mn 1
SOO< 7 < 7 :f
Thus n'(m’t —n’s) < t, m't —n’s is a positive integer, so we must have n < ¢.
L s m m m sn—mt _m'n—n'm 1
Likewise, 0 < - — — < — — — s0 0 < < = —.
! ] _tn n'n n'n
Thus n/(sn —mt) < t, (sn — mt) is a positive integer, and so n’ < t. O

Proof. Proof of CF Theorem 7:
Assume p/q lies between x and ay/bx. The two cases are k is even or k is odd.
If k£ is even,

ag ag— a
—k<x<k1and—k<£<x
bi, br—1 b, ¢

. 1
H jim —
k— o0 bk:

=0-NC
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SO

G _ P -1

bk q bk 1
and by Theorem 2, apby_1 — ax_1bx = (—1)*~1 = —1 so we may apply the lemma
and g > by.

If £ is odd, we have

ak—1 <z < ag

b1 bk:
and ag_1by — agbyp_1 = —(agbr_1 — ax_1bx) = (=1)*~! = —1, and we again may
apply the lemma, thus g > by.

O

3.2.1. Semi-convergents. If ci is a convergent to a continued fraction, finite or in-
finite, and t; > 1, we can form semi-convergents of the continued fraction by
substituting in place of the term t; the values 1,2,...(tx — 1):
[to;tl, .. ~tk717 1], [to;tl, .. .tkfl, 2}, e [to; tl, .. .tkfl, (tk - 1)]

These are defined to be the semi-convergents and by Theorem 1 they have the values
l-ai—1+ai—2 2-ai-1+ai—2 (tx—1) ai—1+ai—2
Lobic1+bi—o’ 2-bi—1+bi—o’ (tg—1) -bi—1+bi_o
[2;1,4] is a convergent to 45/16 = [2;1,4, 3] so [2;1,1], [2;1, 2] and [2; 1, 3] are semi-
convergents to 45/16. The complete list of convergents and semi-convergents for
45/16, arranged into families associated with each partial quotient, would be

, respectively. For example,

Al 212 [%1,3] 0 [251,4]
9:1.4, 1 [21,4,2] [2:1,4,3]

Theorem 7 can be extended to apply to semi-convergents as well. Since we will
require this result and since semi-convergents are seldom encountered in elementary
treatments of continued fractions we prove this final theorem.

[
[2;
[2;
[2;

Theorem 8. Continued Fraction Theorem 8

t- _
Consider = — M}
B t-br+ br_1
the continued fraction x = [to;t1,...]. If p/q is a rational number that lies between

A/B and z, ¢ > B.

0 <t<tgt1. Then A/B is a semi-convergent of

ag
<r << —.
k—1 b,

A
B
[to;t1,...tg,t] is a continued fraction in its own right, an extension of c;_; =
A
B

Proof. We give a proof for the case when k is odd. Then & b

ak—1

[to;t1,...tg—1] and cx = [to;t1, ... tx], so it lies between ci—1 and cg: 7
k—1

a a a
b i ML o p < b—k Applying the
k

o Ck+1 1S an even convergent to x, so we have
k k41

Ap+1
bry1

a a
A <xr < l, and akku — akbk+1 =
br+1 by
(—=1)¥ = —1 since k is assumed to be odd. Then we can apply the lemma, and
o Ok41 A ag
if < = < —,
bri1 B by

A
lemma of Theorem 7 we show that B does not lie between ci41 and cx: cpy1 =

is an even convergent to x, so we have

we would have B > bgy1, but bgy1 = tg41bg + bg—1, B =
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ar—1
and

A
thy + bi—1, t < tgy1, so B < byg41, and therefore B is forced between
k—1
a A p— A a A a
kH, thus = < 21 ——L <« = < L« o Therefore = < z < —. Again,
bri1 B bp-1 B by B b

5= [to;t1,...tk,t] is a continued fraction with the continued fraction preceeding

it being Z—k, so by Theorem 2, Ab, — Ba, = (—1)¥ = —1, so we can apply the

k
lemma of Theorem 7 again, and we must have ¢ > B. The argument is the same if
k is even, and we leave it to the reader. ([l

3.2.2. The Golden Number. The continued fraction [1;1,1,1,...] where t; = 1 for

all ¢ has no semi-convergents, nor has [0;1,1,1,...]. These are in a sense the
simplest infinite continued fractions. We know that [1;1,1,...] has a well-defined
value x by Theorem 6, so x — 1 =[0;1,1,1,...]. Then
1 1
x:1+1+71, :c—1:1+ T
1L RS

so x satisfies ¥ — 1 = 1/z, that is « is a solution of 22 —x — 1 = 0. Solving for = we

V541 1 V5-1
2

andz —1=—-=

have z =

x 2
The convergents to x are the quotients of successive numbers of the Fibonacci se-
quence: 1,1,2,3,5,8,...f, = f,_1+f,_2. Then the convergents to z are =, 2,5, 2, £

1212223257

V5 +1

2
pure mathematics and in discussions of beauty in art and nature. The proportion

which gives rise to x, the golden section, has been used as a principle of construction
by artists from Praxiteles to Stradivarius to Béla Bartok.

Recalling that the first five regions R4 gy are associated with the ordered pairs,
(1,1),(2,1),(3,2),(5,3),(8,5), we might be tempted to conclude that the regions
correspond to convergents of the golden number. However, the Fibonacci sequence
continues, 13,21, 34,55, etc., and after R(g5) the next regions are R117), R(19,12),
and R(y7,17). This conjecture proved false, but perhaps such a correspondence exists
with another continued fraction. The reader may have guessed that the value A/B
approximates is log, 3, saying that 24 and 3% are close together, or A/B ~ log, 3.
Therefore we would like to be able to compute the continued fraction expansion of
the value of log, 3, assuming there is one.

is called the “golden number”, which appears in many contexts, both in

3.2.3. Calculating the Continued Fraction of a Logarithm. We start with a very
general case. Let My and M; be real numbers, where 1 < M; < My. if My and
M, are rational powers of each other, then log,, (Mp) is a rational number which
may be represented by a finite continued fraction. If My and M; are not rational
powers of each other, log,, (Mpy) is necessarily irrational, so the continued fraction
for logyy, (Mo) (if it exists: on the basis of results proved here we do not know this
a priori) must be infinite.
Determine a sequence of integers n; as follows:

Mo\™
1: ny such that (Ml)nl < My < (Ml)n1+1 and let My = (2\40> .
1
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k: ny, such that (M) < My_1 < (My)™ 1 and let M1 = <

1
z]
1
P

Line 1 shows that My = (Ml)”1+( ) for some z; > 1.

Line 2 shows that M; = (Mg)"2+( ) for some x5 > 1.

Line k shows that My_1 = (M )"’“Hﬁ) for some xj > 1, etc.
ni1+1
Mo\™ My = n
We see that My = <Mi) = S =M . That is My = M,™. But

ng+1 3 .
we also have M7 = My #2 | so x1 = ng + ?12 Similarly we can show that zp =

Ng+1 + —L_and we have

Th41
ny+1
MO = Ml ]
M, (D
1
ni+ 1
ng + ———
? 1

ns +

= M ng+
By Theorem 6 we know that [n1;ng,n3...] is a well-defined real number, and

so by the definition of a logarithm, log,, My = [n1;n2,n3...]
Applying this algorithm to compute the continued fraction of log, 3 we have:

1

2" <3< 2mtl =1, Then My = g = g (=2713Y
(‘;’)n <2< (‘;’)TLZH ns=1. Then Mz = 3321 _ % (= 223°1)
(g)"'ﬁ < g < (g)nﬂ'l ng =1. Then My = (2‘:’?2)1 — ‘;z (= 27332)
(z)’“ < % < (2)”4“ ng = 2. Then My = (;;//2?2))32 g; (= 28379)
(%)”5 < g < (;ig)’““ ns = 2. Then Mg = (2:)’;/:))253)2 — g (= 2719312
(213)"6 < % < (213)”‘*“ ng = 3. Then M7 = (31228//23159)3 — ;;i (= 265341

Continuing in this way it is possible to compute the continued fraction expansion
of logy3 =1[1;1,1,2,2,3,1,5,2,23,2,...].
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The Musician’s Algorithm. Each of the M; is a P number, a ratio between P
values, and thus M; represents an interval. It is interesting to note that a musician
can rapidly compute the first five partial quotients for log, 3 by translating the
algorithm into musical terms: Instead of computing the largest power of 2 which is
less than 3, the musician would consider the number of octaves in a twelfth, which
is one (n; = 1) leaving a remainder of a perfect fifth (M = 2). The fifth goes into
an octave once (ny = 1) leaving a perfect fourth (Ms = 3), and the fourth goes into
the fifth once (n3 = 1) leaving a major second (My = §). The major second in turn
goes into the fourth twice (ng = 2) leaving a minor second or half-step (M5 = 239).
At this point, if the musician is thinking in terms of equal temperament, he will
say that the half-step goes into the major second or whole step twice (n5 = 2)
exactly and the process stops. However, even the musician entirely innocent of

tuning theory can quickly do these calculations.

3.2.4. The Importance of Semi-Convergents and a Theorem About Them. The first
1235 8

five convergents to log, 3 are 7, 7,3, 3, = and the first five M; are all prime ratios
p(A/B). Missing from the list of M; are 2533 and 271137, though 33 = 27 and
2% = 32 are connected in 13, as are 2!t = 2048 and 37 = 2187.

However, 5/3 = [1;1,1,1] and 11/7 = [1;1,1,2,1] are included among the semi-
convergents to logy 3. The obvious conjecture is that A and B determine a con-
nected pair of pure powers of 2 and 3 when (and only when) A/B is a convergent
or semi-convergent of log, 3. We will prove that this is true, allowing us to assert,
for example, that 259598 and 331867 are connected in P. The table below lists the
first 43 values for A and B when A/B is a convergent or semi-convergent of log, 3.

The sign “4” or “-” refers to the polarity of the prime ratio p(A/B), “+” for odd
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convergents “-” for even. After each full convergent the value of ¢ is written.'?
A B +/- t
1 1 - 1 6809 4296 +
2 1 + 1 7863 4961 +
3 2 - 1 8917 5626 +
5 3 + 9971 6291 +
8 5 4+ 2 11025 6956 +
11 7T - 12079 7621 +
19 12 - 2 13133 8286 +
27 17 + 14187 8951 +
46 29 4+ 15241 9616 +
65 41 + 3 16295 10281 +
84 53 - 1 17349 10946 +
149 94 + 18403 11611 +
233 147  + 19457 12276 +
317 200 + 20511 12941 +
401 253 + 21565 13606 +
48 306 + 5 22619 14271 +
569 359 - 23673 14936 +
1054 665 - 2 24727 15601 + 23
1539 971 + 25781 16266 -
2593 1636 + 50508 31867 - 2
3647 2301 +
4701 2966 +
5755 3631 +

TABLE 3.2.4. PRIME RATIOS

Table 3.2.4 points to the importance of the semi-convergents to log, 3. We will
show that the correspondence conjectured above holds true, but to do this we will
need one more result to characterize semi-convergents in general. This motivates
a closer study of Continued Fraction Theorem 8, to reinforce this result and to
attempt to prove a converse theorem.

It will be sufficient to consider an infinite continued fraction, that is, a continued
fraction [tg;t1,...] which represents an irrational number x. The combinations of
Theorems 7 and 8 says that if A/B is convergent or semi-convergent to x and p/q is
a rational number between A/B and z, then ¢ > B. The converse of this statement
is that

Theorem 9. Continued Fraction Theorem [9] (Converse Theorem). If a positive
fraction A/B, B > 1, is neither a convergent nor semi-convergent to x, there does
exist a fraction p/q between A/B and x, with ¢ < B.

Proof. We consider the case where A/B < z, the argument being the same in
a
the other case. Let ¢, = b—” = [to;t1,...tn] as before. Fix by to be the largest

n
denominator strictly less than B: by < B < bi11. (For any continued fraction, by =

12\We are reverting to our previous notation tx, k = 0,1,2,... in place of ng, k = 1,2, etc.
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1, so such a by, exists.) If k is even, it must be A/B < a /by, < x, since A/B > ay, /by
violates the lemma of Theorem 7: ay /by < A/B < ag+1/br+1 implies B > bx41. In
that case, [ie., A/B < ai, /by < x. - NC] ay /by, is the required p/q since by, < B. If on the
other hand k is odd, A/B < x < ay/bg. If A/B < ap_1/bk—1 < x there is nothing
to prove since ap_1/bg—1 is the required p/q, so assume ag_1/bp—1 < A/B <
l-ap+ap—1 2-ap+ ap_1

L-bp 4+ b1’ 2-bp+bp—1’
(thy1 — 1) -ap +agp_1 tag + ag—1
(th1 — 1) - bp + br—1 thy, + b1
t < tg41 is between ci_1 and ciy1, and as the denominators increase the value of
the semi-convergent increases: Since [to;. .. ¢k, t+ 1] = [to;. .. tk, t, 1] by the remark
on page 19, we have [tg;...t,t] an even continued fraction and [to;... ¢k, ¢, 1] a
subsequent odd fraction so we have [to;.. .1, t] < [to;...tk,t + 1] for any ¢ from 1
to tg4+1 — 1, thus it follows that

ak+1/bk+1 < x. Now consider the semi-convergents

. By the argument in Theorem 8, each with 0 <

ak—1 _ g tap—1 _2apt+ap—y _ (tey1 —Dax +ap—
b1 bp+br—1  2bp +br_1 (te41 — 1)bi + b—1

(th1)ax + ax—1 _ k41
(te+1)bk +br—1 by
So A/B must lie between

<z

_tag + ag—1

(t+1ak + ar—1
toity, .. tht] = ATk T Akl
[tos tr -t 1] thy + be_1

(t+ 1)bg + bg—1

for some t from 0 to t+1—1. Remembering that [to; t1,. .. tg, t+1] = [to; t1, .. . tk, t, 1]
is a continued fraction itself, whose penultimate convergent is [to; t1, . . . tg, t], we can
see that the two fractions satisfy the condition of Theorem 7 lemma, and B is there-
fore greater than (¢4 1)by + bx—1. Then m)% satisfies the requirements for
p/q in the theorem. Therefore, in all cases if A/B is not a semi-convergent or con-
vergent to x, there is a fraction p/q which is a better approximation to = with a
smaller denominator. O

and [to;t1,...t+1] =

3.3. The Characterization Theorem. We are now in a position to return to the
main line of development and to state and prove the principal theorem character-
izing regions. 3

Theorem 10. CHARACTERIZATION THEOREM: If, and only if, A/B is a
convergent or semi-convergent of log, 3, the ordered pair (A, B) determines a region
R(A,B)7 and

R(A,B) = { 2(ak(_1)k(3_n) mod A , 3(bk(—1)k(n—A) mod B

0<n<A+B}

where ay /by, is the full convergent immediately preceding A/B in the continued
fraction representation of logy 3. The mapping

n — R(A B)(n) cn - Q(ak(*l)k(B*n) mod A4 | 3(bk(*1)k(”ﬂ4) mod B

13 We have defined regions in the context of P, the positive integers of the form 2¢3%. Tt will
be evident that the entire theory could be generazlized by replacing 2 and 3 by real numbers M;
and Mp, and later we will extend the theory to cover other tunings by maintaining M; = 2 but
replacing 3 with a value Mo which is an approximation to 3.
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is strictly increasing with n forn =1,2,... A4+ B —1, and the isomorphism v maps
the last A+ B — 1 elements of Z apy from AB — (A+ B)+1 to AB — 1 in order
onto the elements of Ra p)-

This main result will be the goal of the development which follows, though the
theorems and corollaries along the way have their own interest.

Proof.

3.3.1. Proof I: Connectedness and Approximations. We prove the first part of the
principal theorem by proving the equivalence between connectedness and conver-
gence to log, 3 conjectured above. Then a necessary and sufficient condition for the
existence of the region R4 gy will be that A/B is a convergent or semi-convergent
to log, 3

Theorem 11. 24 and 3B are connected in P when B > 1 if and only if A/B is a
convergent or semi-convergent in the continued fraction expansion of logy 3

Proof. In the case B = 0, 2! and 3° are connected, but A/B is not defined. For the
case B =1 we can determine by inspection that the theorem holds, [Not true if > 2
replaces log, 3 and B = 1. Also, of 1/0 and 0/1, one is always connected the other not (and note
that with 0/1, B =1 and A/B is defined). - NC] so we may assume B > 1. We will also
assume throughout that 24 > 35, that is, A/B > log, 3, since the same arguments
may be made in the case 3% > 24. We will make use of Continued Fraction
Theorems 7 and 8 and the Converse Theorem and also the following lemma:

Lemma 2. Ifa,b,c,d are positive real numbers where a4 < ¢ then 9 ate ¢

bd’bbdd

Proof of Lemma:
< § —ad <bc— (ad+ ab) < (bc+ ab), so a(d +b) < b(c + a),

so ¢ < ¢, and likewise, ad < be — (ad + cd) < (be + cd) so

dla+c) <clb+d), § < &5

Part 1 of the proof shows that if A/B is a semi-convergent or convergent of
log, 3, then 24 and 32 are connected in P:

Assume 24 and 37 are not connected, and it will follow that A/B cannot be a
semi-convergent or convergent. That is, we assume there exist integers z > 0 and
y > 0 such that 24 > 273¥ > 3B,

Clearly < A. If y > B, we have 24 > 273Y > 2738 > 38 and x # 0 in the
case y = B. Then [if y = B -N(] 32 > 293 > 2. Then A — Blog,3 > 1, that is,

A2l > Jog, 3. Since A > A—1, 4 5 > “5 > logy 3, so by theorems 7 and 8 either
A / B is not a semi-convergent or convergent of log, 3 or Y < B.

Therefore we take y < B. Then 2 5 > 3pr and 2 dB >
A4-2 > Jog, 3 all follow from 24 > By = (Ay—|—
Bx)+ xy or 0 = AB — (Ay + Bz) in which case A and B are not relatively prime,
hence A/B is not a convergent or semi-convergent and the theorem is proved. Next

we consider the cases z2— > 4=2Z or -2 < A=2 Gince x < A and y < B, the

B—y y B—y Y
numerators and denommators of both are posmve mtegers and we may apply the

lemma Thus, either A4=% 3 and
3, 3,

A—x
y an

and




28 NORMAN CAREY AND DAVID CLAMPITT

and both y and B — y are less than B, so by Continued Fraction Theorems 7 and
8, A/B cannot be a convergent or semi-convergent of log, 3.

We have proved that if A/B is a convergent or semi-convergent of log, 3, then
A and B are connected in P.

Part 2 of the proof shows that if 24 and 37 are connected, then A/B is a
convergent or semi-convergent of log, 3.

We will prove again by contradiction, assuming A/B is not a convergent [or
semi-convergent] and showing that 24 and 37 are not connected. We continue to
assume the case where 24 > 35, so % > log, 3. If A/B is not a semi-convergent
or convergent to log, 3, by the converse theorem there exists p/q, ¢ < B, such
that % > % > log,3. Then p < A, and 247739 < 24: 2P > 37 5o g—z < 1, thus

2A

24 > 2A;’—Z. Suppose 247737 < 35, Then g—z > 57, which implies that p—qlog, 3 >
A — Blog, 3. Then (% — log, 3) > (AqulOg2 8 > (A73é0g2 % since ¢ < B, so we

have (% — log, 3) > (% — log, 3) or p/q > A/B, contrary to assumption, so we
must have 24 > 24739 > 3B that is, 24 and 3” are not connected. In the
argument above, we could just as well have taken the element 2P3%~9, shown that
it must be greater than 3%, and derived a contradiction by assuming it to be
greater than 24. Therefore, if 24 and 3% are connected, A/B must be a convergent
or semi-convergent of log, 3.

Finally, putting the two parts of the proof together, we have 24 and 3% with
B > 1 are connected in P if and only if % is at least a semi-convergent of log, 3. [

An immediate corollary of this theorem is that the ratio between any two con-
nected P elements, reduced to lowest terms, is a prime ratio:

Corollary 12. If py and ps are connected in P, p1 > po, then % = §—2 or g—i
where % is a convergent or semi-convergent of logy 3 except in the one case p1 = 2,
p2 = 1.

Proof. Suppose n = 2%3° is the highest common factor of p; and po. Then 13—1 =
P2

24n 38n

2o

38n 7 24n K

P2, contradicting the assumption that p; and ps are connected. If % = 2, then

either p; = 2 and po = 1, or they are not connected.)

. (One of the exponents must be negative, since if ;% > 2, p1 > 2p2 >

Then suppose B is not a convergent or semi-convergent, that is, 24 and 37 are

not connected. 24 > 2¥3Y¥ > 35 or 38 > 2%3¥ > 24, Then it is also true that
240 > (273Y) - n > 38 .nor 38 .n > (273Y) - n > 24 - n, and p; and P, are not
connected. O

3.3.2. Proof II: Strictly increasing functions: The isomorphism v. At this point
we turn from P to the isomorphic groups Zap and Z4 X Zpg, where A and B
are relatively prime. Of course, A and B must be relatively prime if A/B is a
convergent or semi-convergent.

Recall that we exhibited an isomorphism

w:ZaxZg— Zag: (z,y) = (Ay + Bx) mod AB-
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This guarantees the existence of an inverse mapping which is also an isomorphism
p i Zag = Za x Zp : (Ay + Bx) med a5 — (,7).

This inverse isomorphism composed with the isomorphism A yields a mapping v
from Zap onto G4, p): w1l maps Zap onto Z4 x Zp and A maps Z4 X Zp onto
G(a,p)- Since 11 and ) are isomorphisms, v is an isomorphism.

We will be interested in the situation where R4 p) is defined, and we would
like to determine the inverse image under v of R4 p), that is, the subset of Zap
which v maps onto the elements of R4 p). This will enable us to give explicitly
the elements of R4 py in the general case.

We start with the relationship between Z 5 and Z 4 x Zg. Consider the equation
Ay+ Bx = z, where the operation is ordinary addition. If the equation can be solved
in non-negative integers x and y we will say that z is solvable, and x and y solve
for z or are solutions. It is not hard to show that any z > AB is solvable in this
sense, as long as A and B are relatively prime. For positive integers less than AB,
i.e., for elements of Z4p, there are in general elements which are not solvable. We
give a somewhat lower bound for solvability by proving a rather obscure theorem
of number theory:

Theorem 13. Assume A and B are relatively prime with A > B > 1. Then the
A+ B —1 integers from AB — (A+ B)+ 1 to AB — 1 are all solvable in positive
integers x, y where 0 < z < A and 0 < y < B. Of the remaining elements,
half of them, numbering %, are solvable and the other % are not
solvable. The element AB—(A+ B) is not solvable, so AB—(A+ B) is the smallest
integer above which every integer is solvable.

Proof. If Ay + Bx = z with strict equality for z € Zsp then z is
solvable, by definition. If z € Zap is not solvable, then it must
be that AB + z = Ay + Bz for some pair (x,y) € Z4 x Zp, and
conversely, if Ay + Bx = AB + z, then z is not solvable, since
w1 is one-to-one and onto Z4p. Then consider the ordered pair
(A-1,B-1). A(B-1)+B(A-1) =2AB—(A+B) = AB+(AB—
(A+B)) and since A > B > 1, AB—(A+B) is not solvable. But this
is the highest value the form Ay+ Bx can take on when 0 < x < A,
0 <y < B,ie. when (z,y) € Z4XZpg, and since p is onto Z4 g, the
elements AB—(A+DB)+1 to AB—1 are solvable for (x,y) € ZaxZp.
That leaves the elements from 0 to AB — (A + B). There are
(A-1)(B—1) of them since AB— (A+B)+1=(A—-1)(B-1).
Suppose an element (z/,y/) € Z4 X Zp is a solution for n/, where
0 <nt < (A-1)(B—1). Then the element ((A—1)—z/, (B—1)—y/)
is not a solution for any z € Zp:

A(B—-1)—yn)+ B(A—-1)—af)
=2AB — (A+ B) — (Ay’ + Bua)
=2AB—-(A+B)—n > AB

Conversely, suppose (z/1,y/!) is not a solution for any element of
Zap. Then A(xi+Bytt) > AB. Then ((A—1)—an, (B—1)—y) is
a solution for some element n// such that 0 < n# < (A—1)(B—1) =
AB—-(A+B)+1:
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A((B—=1)—y)+ B(A—1) —zn)
=2AB — (A+ B) — (Ay!r + Ban)
< AB+ (A+ B)

Therefore % of the elements of Z4p from 0 to AB—(A+B)

are solvable, and % not.

The element ((A—1) —z, (B —1) —y) used in the latter part of the above proof
is reminiscent of the notion of complementarity which was defined in G4, ). The
property of complementarity is a group property, that is, it is defined in terms
of the group operation. In G4 ), g and g/ were defined to be complements of
each other if ggr = 247138-1. Although the group operation in G(a,B) is slightly
different from ordinary multiplication, clearly it remains true that if g = 23%,
g1 = 2A=1D=a3(B=1)=b i5 the complement of g.

Then we can define complements in Z4 X Zg and Z4p so that complementarity
is preserved by the various isomorphisms: In Z4 x Zg, given z = (a,b), x/ =
((A=1)—a, (B—1)—b). Then it is true that A(z/) = (A(z))’. Since u(A—1,B—1) =
AB—(A+ B) as we saw above, if z € Zyp, 21 = (AB—(A+B)—2) mod ap. Thus if
z2<AB—(A+B),2t1 < AB—(A+B)andif 2 > AB—(A+B), 2/ > AB—(A+ B),
ordering the elements of Z4p as ordinary integers.

O

Looking back at the proof of the theorem, [Theorem 13] evidently half of the
elements of Z4p from 0 to AB — (A + B) are solvable, and their complements are
not. Furthermore, if, and only if, an element and its complement are both solvable,
they both belong to what we may call the abstract region from AB — (A+ B) + 1
to AB — 1.

Recalling our definition of a set of complements, we can see that both of the
subsets 0 to AB— (A+ B) and AB—(A+B)+1 to AB—1 are sets of complements.
Also, both subsets are connected, if we carry over the definition of connectedness to
Z 4p. However, what we have called the abstract region has the additional property
that all of its elements are solvable, so this is our candidate for the inverse image
under v of the region R4 p).

First we determine the solutions (x,y) € Z4 x Zp for the elements of the abstract
region.

Theorem 14. The values (ay(B —n)(—=1)% 1 4 and (bg(n — A)(=1)*) mod B, where
Z—: is the penultimate convergent in the continued fraction representing A/B' are
solutions x and y respectively in positive integers to the equation Ay + Bx =

AB— (A4 B)+n forn from1to A+ B—1.

Proof. First of all, the given values may be simplified by the use of the identity
Aby — Bay, = (—1)* from Continued Fraction Theorem 2 to (—axn(—1)F — 1) nod a
and (bkn(—l)k — 1) mod B+

14We are assuming the result that any rational number has a continued fraction representation
which is unique and finite. However, the specific case we are interested in is when A/B is a
convergent or semi-convergent of log, 3, in which case the penultimate convergent to A/B and
the full convergent of log, 3 immediately preceding A/B are the same thing.
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arB = Ab, — (—1)F, so
(ak(B - n)(_l)k) mod A = (Abk - (_1)k B akn) (_1)k mod A

= (—an(-Dk = (C1N) = (a1 1),
and by A = (—1)* + Bay, so
(br(n = A)(=1)") 0 5 = (ben = (=1)F + Bar)) (1" 5

= (bkn(—l)k - ((_1)k)2) = (-t -

Note that A (byn(—1)*) + B (—apn(—1)*) = n for any value of n whatsoever,
since A (byn(—1)%) + B (—axn(—1)*) = (Ab, — Bay) (—1)kn = ((71)’“)271 = n.
Then A (bkn(fl)k - 1) +B (fakn(fl)k — 1) =n — (A+ B) for any value of n.

Next recall Lemma 1 which states that (A (Y) oq a4 + B (%) oq 4)

(Ay + Bx) 104 aB
Applying this lemma to the results derived above we have the following:

(A=) Ly B (B =) ) e =
(A (et =1) o B (Gt 1)) ) s =

(4((en-0") 1)+ B ((amn(-1" 1)) =
(n—(A+ B)) noa ap = (AB — (A+ B) + 1) 104 aB

We know that Z4p may be partitioned into three blocks: Out of the first (A —

1)(B — 1) elements, w elements z such that z = Ay + Bz has a non-
(A—1,B-1)
2

1) mod B

mod AB =

negative solution; their complements z/ which have no such solution;
and the remaining elements of the abstract region

(A-1)(B—1)=AB—(A+B)+1,...AB—(A+B) +n,...AB — 1

for n from 1 to A+ B — 1 which all have non-negative solutions, which are precisely

x = (ak (B —n) (—l)k) ,and y = (bk (n—A) (—1)k> .
mod A mod B
We wish to show that when the elements AB — (A + B) 4+ n are mapped into
G(a,p) via the mapping v, their order is preserved. To do this we will show that
if the mapping (z,y) — Ay + Bz is increasing, so is A : (z,y) — 273Y. It will be
useful to show this for (z,y) € Za x Zp plus the two elements (4,0) and (0, B).
Then we will be able to say that as the solvable elements of Z 5 get larger, their
images under v in G4 p) also increase. From now on we assume A/B is a full or
semi-convergent of log, 3.

Theorem 15. If 21,290 € Zap U {AB}, where zo > 21 and zo = Ays + Bxy and
21 = Ayl + Bz fOT' (961,211)7 (x27y2) € ZaxZpU {(A,O) ) (OaB)}; then 2¥23%2 >
971301

Proof. Ay + Bxy > Ay; + Bz implies 4 > (@1-22) 45 long as (yo —y1) > 0. If

(y2—y1)
(y2 —y1) < 0, % < ((z;::f)) so in this case (x1 — x2) < 0, and % < ((zf:;c;))

positive integers. If y; = yo, T2 > x1, so 2723Y2 > 2%13Y1 and order is preserved.
So we have two cases, (y2 —y1) > 0 and (y2 — y1) < 0.

n
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(z1—w2)
(y2—y1)

Suppose % > logy 3. If (y2 —y1) > 0, % > , but (y2 —y1) < B, and % is

a convergent or semi-convergent of log, 3, so it must be that 4 > log, 3 > ((z;:;?f)) )
3(v2—v1)

Therefore 3¥27%1 > 2%17%2 and So—05 > 1, 3wa—yi)glwe—a1) ~ 1 go 2723¥2 >
2%13Y%1. Therefore, in this case also, A is increasing if Az 4+ By is increasing.

Now suppose % > logy 3 but (y2 — y1) < 0. Then % < ((z;gf))

% > 1Og2 3, that is 2(I2_$1) > 3(1!1_112)’ SO 2%23¥Y2 > 9T13VY1

If 4 <log,3 and (y» —y1) > 0, then 4 > (@1=22) 4hepefore (21=22) < log, 3

, therefore

(y2—y1)’ (y2—y1)
and again 2%23Y2 > 2%13%1, Finally, if % < logy 3 and (y2 —y1) < 0, % < ((zf:Z;)),
and since (y; — y2) < B, it must be the case that 4 < log, 3 < ((Z?:Z;)) Therefore

as above 2(¥2=%1) > 311 -v2) g5 2723¥2 > 2213¥1 and the theorem holds in every
case. (]

We have just seen that if % is a convergent or semi-convergent of log, 3, for the

elements of Z4 x Zp and the ordered pair (A4,0), (0, B), if Ay, + Bxy > Ay + Bxy,
then 2723%2 > 2713¥1. This information, together with the partitioning of Z4p
according to solvability gives the order of the corresponding G(4 p) elements in P:

—1
Theorem 16. The mapping v = Au~ ! — Ga,p) : z“—>(gc,y)3>2””3y sends the

solvable elements of Zap onto Sia By, the elements which are not solvable onto
the rest of G(a,g). In particular, v maps the elements AB — (A + B) +n for
n=1,...A+ B —1 onto the region R4 gy with their order preserved.

Proof. By the previous theorem [Theorem 15|, the % elements of Zap

which are less than (A—1)(B—1) and are solvable, ordered as ordinary integers, are
mapped into G4,y and if zp > 21, A(22) > A(21), i.e., with their order preserved.

The next block of solvable integers AB— (A+B)+nforn=1,... A+ B—1 are
likewise mapped into G4 p) in order, all of them greater than the elements from
the previous block of solvable elements.

Since AB=A-B+B-0= A-0+B-A, we don’t have enough information to know
whether 24 > 38 or vice versa. However, it is clear from the theorem that both
24 and 3B are greater than the previous (AL;B_D +(A+B-1)= %
elements.

The remaining % elements of Z4p are not solvable. If z; < z9 are two
such elements we have z;1 + AB = Ay, + Bz and 2z + AB = Ay, + Bxs for some
(w1,41), (x2,92) € Z4 x Zp, and therefore 2723Y2 > 2¥13¥1 > 24 and 3Z. The
element AB — (A + B) corresponds to (A — 1, B — 1), the maximum values for x
and y in Za x Zp, and it is mapped by v onto the greatest element of G4 p),
2A713Bfl.

From this information we know that an element of G4 p), s, is less than 24 and
358, ie., is a member of Sca,p) if, and only if v~1(s) is solvable. Therefore, the
solvable elements in Z4p, mapped into G4, ), constitute the subset S p)-.

Now recalling the result from page 30 that if and ony if an element of Z4p and its
complement are both solvable, they both belong to the subset from AB—(A+B)+n
to AB — 1, we can see that R4 p) is the image of this subset, the abstract region,
under v: R4 p) is connected, so R4 gy C S(A, B), so only solvable elements may
be mapped into R4 p). Furthermore, R4 p) was defined to be the largest non-
empty set of [connected] complements, and the largest subset of Z4p which is a
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set of complements and in which all elements are solvable is the abstract region.
Finally, complementarity is preserved by v, that is, if z € Zap, v(2/) = (v(2))1, so
v maps the elements AB — (A+ B)+nforn=1,... A+ B — 1 onto the region
R(4,p) with their order preserved.

([l

THEOREM 10 (CHARACTERIZATION THEOREM) RESTATED:

{ Q(Gk(*l)k(B*n) mod A 3(bk(*1)k(n*A) mod B

R(A,B): O<n<A+B}
and as n increases, R4 py(n) increases.

This follows immediately from the theorem just proved [Theorem 16] and from
Theorem 14 that (ax(B — n)(—1)*) mod 4 and (bx(n — A)(—1)*) moq B are solutions
x and y respectively in positive integers to Ay + Bx = AB — (A + B) + n for
1<n<A+B-1

O

4. REGIONS AND WELL-FORMED SCALES

With this result the proof of the Characterization Theorem [Theorem 10] is
completed, providing a great deal of information. Now the necessary and sufficient
conditions for a region to exist are available, beyond those provided in the original
definition, and a means of computing the ordered pairs which give rise to regions is
at hand. The theorem provides the formula for computing, in order, the elements
of any given region, incidentally revealing that every region contains A + B — 1
elements. However, the central result is the way the cyclic ordering of the group
coincides with the natural ordering of arithmetic in the region. The mapping be-
tween Zap and G4, p) serves as a kind of x-ray to lay bare the cyclic ordering of
the region. We will return to this topic after reconsidering well-formed scales and
the intervals of which they are composed.

The following is a corollary which isolates the octave frame in a region:

Corollary 17. If A>n>1, Rapy(n+ B) =2- R py(n).

That is, the last element in any connected sequence of B + 1 region elements is
twice the value of the first.

Proof. Ra,p) (n) = 2a’“(B_n)((_1)k) mod A - 3bk(n—A)<(_1)k) mod B and

Roap(n+ B) = 26 B=Brm((DY) oy . gt (Brm=A((-DY)

= 2ak(_n)((_l)k) mod A - 3bk(n_A)((_1)k) mod B

The exponents on 3 are the same for R4 g)(n) and R4 p)(n + B), so compare
the exponents on 2. On page 30 [in Theorem 14] we showed, using the identity
Aby, — Bay = (=1)* that ax(B —n) ((-1)*) . =—apn ((-1)*) =1 __. ., soif
A>1,and 0 <n < A, the exponent on 2 is increased by 1.

Then R(A,B)(TL +B)=2- R(A,B)(n)-
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In the light of the above and information from the Characterization Theorem,
every sequence of elements R4 p)(n) to R4 p)(n + B) forms a well-formed scale
spanning an octave. Henceforth, we can think of a well-formed scale as any sequence
of B+1 consecutive region elements, or any Pythagorean scale that can be reduced
to such a sequence. The modal system of well-formed Pythagorean scales associated
withR(4 py consists of the different scales, each of length B + 1 and numbering B
in all, whose initial note corresponds to R4 ,5)(1), R(a,5)(2), ... Ra,B)(B).

Since R(4,p) is a connected set, the ratios between successive elements of the
region must correspond to (semi-)convergents!® of log, 3, that is, the intervals
between adjacent tones of any well-formed scale correspond to the prime ratios
p(A.B) = 243=B or 27438, Suppose r; and 7, are successive region elements,
ro > r1. We wish to compute the possible ratios r9/r1, where the division is the
division of ordinary arithmetic. In ordinary arithmetic, ro/r; yields a P number
2%3Y where 1 < 273Y < 2 (see page 28). So z and y are of opposite signs. On
the other hand, division in the group G4 p) yields an element of G4 gy, i.e., an
element of ]5, 243% where a and b are non-negative integers. However, the results
of these two different operations must be consistent, that is, they must satisfy the
relations £ = @ mod 4 and ¥y = b oa - Let

ry = 9(ar(=1)*(B=n) moa 4 , §(bx(=1)" (n—A) moa 5

1y = 2@k (=D (B=(1+1)) moa a . 3OK(=1)" (+1)=4) moa 5

Then in the group rs/r; = 2= (D" moa a . 3O(=D") moa 5

If kiseven, (—ap((=1)") oua = A—ar, Oe((-D") 0up = bi
If kisodd, (—ar((=1)") oqa = @, (1)) poas = B—by

Then if k is even, 3% > 2% and 24 > 35, so the ordinary ratio 75 /r; must be
3bk /20 or 2(A=ak) /3(B=be) If k is odd, 2% > 3% and 3% > 24, so ry/r; must
be either 29 /3% or 3(B=bx) /2(A=ar)  For example, for k even, 3% /20k = 3bk2-ak,
and —ap = (A — ar) 09 4 a0d by = (bk) oq B
50 —ar = —ar((—=1)*) mod 4, br = bx((—=1)*) moa 4 and the necessary relations are
satisfied.

At most two intervals, then, exist between adjacent elements of a given region.
If B > 1, at least two step intervals must appear in the region: Since B > 1, it is
true that A —1 > 0, so the region has more than B elements, i.e., the region spans
at least an octave, and the ratio 2/1 is the ratio of the (B 4 1)5! element to the

first element of the region. If there were only one ratio between adjacent elements
gz \ B

in the region, we would have (37) = 2 for some integers x and y, which cannot be
since ¥/2 is irrational. Thus if B > 1, the intervals associated with ‘;—: and ‘gj‘g:

must be distinct and must both appear in any well-formed scale. Of course, in the
case B = 1 only one interval appears: The two cases are R(; 1) = {1}, unison, and
the Octave Region, Ry 1) = {1,2}, spanning the open octave.

15From this point on, we use the term (semi-)convergent to stand for either a convergent or
a semi-convergent. -NC
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4.1. Families of Regions. Since ay /by is a full convergent, at least one of the
intervals in any given region is associated with a convergent. We say that the re-
gions which have this interval in common are related. If A;/B,... A;/B; are semi-
convergents with the preceding convergent being ay /by, then the regions associated
with them have the interval determined by ay /by in common. An extension of this
collection is the family of regions associated with ay /by: { R(nay+ar_1nbetbe_1) | 0 <
All of the regions except the initial R, 5, ,) have an interval in common, 2¢* /3bx
if k is odd, 3% /2% if k is even. The initial region of a family does not contain the
relating interval, and the final region of the family is the last region which does
contain it. The size of the various families is determined by the partial quotients
of the continued fraction of log, 3, the terms ¢;. with the number of regions in a
family being ¢; + 2.

From a musical point of view the most interesting family is the family whose final
region is the Diatonic Region R (1 7). The interval which relates these regions is the
whole step, 32/23. The Structural, Pentatonic, and Diatonic Regions all contain
whole steps, which fill in the initial octave of the Octave Region. This family is
depicted below:

F F

Ry . .

R ) Ca Fs3 Gs Cs Fis Gy Cy
(5,3) * ° ° ° ° ° ° °

R ) Cs Ds Fs Gg Ag Cs Dg F; G7 A Cr D7
(8,5) - ° ° ° ° ° ° ° ° ° ° ° °

R . Cg Dg EgFg Gg Ag BgCy Dy EgFi9 Gig A1gB10CioD1o Eio
(11’7) : [ ] [ ] [ I ) [ ] [ ] [ N ] [ ] [ N ) [ ] [ ] [ N ] [ ] [ ]

That the diatonic region R(11,7), is the final member of this family is related to
the coincidence up until 11/7 of the convergents and semi-convergents of log, 3 with
the convergents to the golden number, ¢. Since the continued fraction for log, 3

begins [1;1,1,2,...], the first five elements in the sequence of (semi-)convergents
are [1] = 1, [151] =3, [51,1] = 3,[1;1,1,1] = 5, and [1;1,1,2] = [1;1,1,1,1] = &,
coinciding with the first five convergents to ¢ = [1;1,1,1,1,...]. The Diatonic

Region is then the last region where both of the intervals which make up the region
and the associated well-formed Pythagorean scale are determined by convergents
to the golden number.

The relationship of the golden section to musical scales and intervals has been
invoked by many writers, usually on the basis of isolated, perhaps accidental cor-
respondences. For example, the pleasing quality of the major sixth and the minor
sixth in just intonation is sometimes attributed to the fact that the frequency-ratios
for these intervals, 5/3 and 8/5, are the ratios of successive Fibonacci numbers. The
relationship we have exhibited is based on coincidence, in both senses of the word,
but is not accidental: The way these scales are formed is directly related to the
Fibonacci sequence.

nStk+1+1}
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4.2. Two Alternative Models. Before concluding the mathematical develop-
ment we mention two topics which offer alternative views of the material, without
giving any background or development.

One view which offers geometric insights is to consider the lattice Z x Z, isomor-
phic to P. Each convergent or semi-convergent A/B corresponds to a unimodular
transformation of the lattice onto itself, whose matrix has determinant 1 or —1. If
M4,y is the matrix of this linear transformation,

af A— Q.
Map) = (—1)* and det M4 py = (—1)*™'. The eigenvalues
b, B —bg

n
of the first four transformations are (%) forn =0,1,2,3. It is evident that any of

the interval pairs associated with a region form a basis for the lattice Z x Z, that
is, for P, where the canonical basis corresponds to the intervals octave and twelfth.

‘We mention another approach for readers familiar with Farey series. On the basis
of our Continued Fraction Theorems 7 and 8 and their converses one can see that
in any Farey series the adjacent elements which have between them @ = logs 2
are always elements B/A, convergents or semi-convergents to logs; 2. One of the
properties of adjacent Farey series elements a/b,c/d is that ad — bc = —1 when
a/b < ¢/d, and many of the continued fraction theorems have equivalents in the
theory of Farey series. Less elegant than continued fractions as a point of departure
for our purposes, nevertheless it gives an interesting perspective on the sequence of
rational approximations to log, 3.

Although the chain of syllogisms leading to the Chacterization Theorem is long,
the idea behind the final result is a simple though powerful one which can be
grasped most easily by working with concrete examples. The reader is urged to
work through a few examples, translating into tones, even playing the resulting
scales, before going on to the conclusion. The interpretation which follows considers
some of the musical implications of the mathematical theory.

5. MUSICAL IMPLICATIONS

The central notion of our theory is that every well-formed Pythagorean scale is
a smooth scale. In our terms a scale is smooth if, in the context of the group within
which it is embedded, all of its scale-step intervals are the same. Since the interval
between any two adjacent steps in a well-formed scale is always
2(ar((=1)*) moa 4 3(br((=1)*) moa 5 in the group G4, p) the interval is a constant and
the scale is smooth. Of course, this is purely a reflection of the way the scale
coincides with a part of the cyclic ordering of the group: The Characterization
Theorem tells us that when a well-formed scale is mapped into the cyclic group
Z B, the elements of the scale go onto a connected part of Z4p5. We can think of a
cyclic group as a clock, and the region, hence the well-formed scale, is represented
by a portion of the clock.

Smoothness appears to be a highly abstract quality. After all, the primary
elements of music are tones and intervals, and another consequence of the theory
is that all of theses scales are composed of two distinct intervals. A less abstract
smoothness would be involved in scales, not well-formed, such as the whole tone
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scale in equal temperament, or the equal-tempered chromatic scale, in which the
octave is divided into 6 or 12 equal intervals. Then the scale itself is equivalent to
a cyclic group.

To the mind, smoothness of the latter type is immediately apparent, while de-
tailed analysis is required to see the smoothness of well-ordered scales. To the
ear, however, the smoothness of the equal-interval scales is abstract, that of the
diatonic scale immediately and sensorially apprehended. Indeed, the word scale
derives from the Latin “scalae” meaning steps or ladder, which is in accord with
the intuitive sense of the scale as a succession of steps spanning an octave. In the
most familiar scales the progression from step to step is felt to be even, natural,
smooth. Contrasted with the familiar diatonic and pentatonic scales, for example,
the whole-tone and equal-tempered chromatic scales are considered awkward or in
some sense less satisfactory. Musicians tend to take this contrast for granted, but
it is occasionally considered to by paradoxical. Douglas Hofstadter, for example,
writes:

The seven intervals between successive notes of the diatonic scale
are not all equal. Some are twice as large as others, yet to the ear
there is a perfect intuitive logic to it. Rather paradoxically, in fact,
most people can sing a major scale without any trouble, uneven
intervals notwithstanding, but few can sing a chromatic scale accu-
rately, even though it ‘ought’ to be much more straightforward—or
so it would seem, since all its intervals are exactly the same size.'®

Trained listeners hearing a mode of the diatonic scale readily distinguish be-
tween whole steps and half steps, and others, perhaps untrained but sensitive to
music, hear a distinct difference in quality between major and minor second. In
fact, “quality” is the word musicians use to characterize the size of a given diatonic
interval: The major third differs from the minor third in quality. Finally, in exper-
iments with musically untrained listeners we find that a large majority identifies
the mixolydian or phrygian mode of the diatonic scale as a scale of equal steps,
as against the whole-tone scale or some non-well-ordered arrangements of 5 whole
steps and 2 half steps, such as one containing two half steps in a row. Such scales
are perceived as being composed of unequal steps, wrongly in the former case and
rightly in the latter case.

We would argue that most listeners in fact perceive the different scale-steps not
so much in terms of a difference in size, but more as a difference in quality, though
the musician is so thoroughly trained to think in terms of interval size that this
becomes second nature.

To illustrate the dual nature of a well-ordered scale and also perhaps the way
the scale is perceived, consider the following spatial analogy: Imagine a being,
X, who lives entirely in a two-dimensional plane, and another, Y, who inhabits
three-dimensional space. Y moves two and a half units in the plan inhabited by
X and turns the corner moving a half unit further on a line perpendicular to X’s
plane. From the limited point of view of X, Y traveled two and a half units and
disappeared, while Y experience traveling three equal units, with the third step
distinguished by the sensation of turning the corner.

The experience of listening to the tetrachords of the major scale might be de-
scribed similarly: From a one-dimensional point of view, we measure two whole

16Douglas Hofstadter Metamagical Themas p. 174 Bantam Books 1986
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steps and a half step, but the ear experiences the tetrachord of the scale as step,
step, step, with a difference in quality on the third step, as if turning a corner.
In like manner the description of the diatonic scale as a well-formed scale affords
two viewpoints: From one point of view it is made up of two distinctly different
intervals, from another it is composed of one interval which admits two equivalent
representations.

The concept of dimension also carries over: While the twelve tones of the equal-
tempered chromatic scale can be represented as the powers of /2 and the six tones
of the whole-tone scale by power of ¥/2, thus as elements of a one-dimensional space,
the tones of Pythagorean space and of any well-formed scale are represented by
means of powers of two and three, that is, as points in the two-dimensional lattice
Z X Z.

There is a strong suggestion here of a relationship between the mathematical
properties of well-formed scales and the audible properties of certain well-formed
scales. The correlation remains a hypothesis, but suggests a point of departure for
cognitive and perceptual research as well as for studies in music theory.

In fact, there is no generally accepted explanation for the selection of certain
tones as constituents of a scale. A priori, there is no compelling reason why the
notes of the diatonic scale, for example, should be preferred to some other selection
of seven pitches. Attempts have been made to find the basis for the scale in the
harmonic (overtone) series, and, as we will see, the axioms for well-ordered scales
have their origins in the fact of the harmonic series, but the harmonic series by
itself has not provided a satisfactory explanation for the particular notes of the
scale. In fact, by itself it predicts a rather different scale. Taking C as unity, the
tones associated with the beginning of the harmonic series are as follows:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
Co Ci Gi C; E; Gy -Bby Cs3 D3 E; -Ffs Gz -As -Bbs B3 Cy

The E in this system is slightly lower than the E of the Pythagorean system,
the Pythagorean major third being (9/8) - (9/8) = 81/64 and the just major third
being 5/4 = 80/64, so the variants differ by 81/80 the syntonic comma. There is
no objection to deriving this tone from the harmonic series, since in a harmonic
context the ear prefers the major third of just intonation. However, the other prime
numbers greater than 5 and their multiples yield tones distinctly flatter than the
tones of the scale which they approximate, and the tone F, a perfect fourth above
C, will never appear in this system.

Much more could be said about the harmonic series and there is an extensive
literature on this topic, but for our purposes it suffices to say that while the laws of
harmony are governed by this acoustical fact of nature, we must look elsewhere for
the rules which govern, not the construction of melodies, but the materials of which
melody is constructed. Of course melody is not utterly in conflict with harmony,
and therefore it is not surprising that the strongest harmonic facts, the octave and
the twelfth, should also be the forces which shape the elements of melody, the tones
and intervals of the scale.

We are left with the implication that the ear, that is, the mind, is drawn in some
way to the structures of well-formed scales, perhaps responding to the deep smooth-
ness of these scales.The only other explanation for the multiplicity of well-formed
scales in world music would be that they were consciously constructed according
to these mathematical principles. In some cases this is undoubtedly the way they
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arose, although the mathematics of the age may not have permitted the formula-
tion of these principles. In the case of the Chinese 53-tone scale it is reasonable to
assume that the scale was derived theoretically, since the intervals it is made up
of are so small. The seventh convergent of log, 3 is 84/53 = [1;1,1,2,2,3,1], and
a version of the Chinese 53-tone scale is given by Daniélou spans an entire region,
though no hint is given as to how it was derived. The Chinese had very precisely
tuned bells dating back to the 5¢" century BCE (cf Scientific American, Dec. 1984)
and were extraordinarily adept calculators. Evidentally some Chinese theorists ex-
trapolated from the structure of the pentatonic, diatonic, and chromatic scales to
form this precisely calibrated scale.

The same is likely to be true in the case of the Arabic 17-tone scale. We may
recall here the distinction between scales which are melodic structures in themselves
and scales which constitute a repertoire of available tones. Curt Sachs, for example,
reserves the word scale for the former, referring to latter as a “set of elements.”
The Arabic 17-tone division of the octave is not a scale, in his terms, but a set of
elements, from which may be constructed scales and melodies based on this set;
similarly the 53-tone division of the octave.

We posited 100 modal varieties of well-formed scales from world music. Since
there are B different modes of the well-formed scale associated with R4 gy, we
obtain the total number of modes by summing the values of B associated with
musically significant regions: 1 +2+4+3+5+ 7+ 12+ 17 4+ 53 = 100. However,
most of these modes are of an artificial nature: Unless the scale has the status of a
melodic structure by itself, its modes do not have much musical interest. The scales
which are decidedly of melodic character are the pentatonic and diatonic scales, and
here it seems unlikely that some sort of theory of well-formed scales preceded the
use of these scales.

If well-formed scales are preferred by the ear, what accounts for the pre-eminent
status of the diatonic scale in particular out of all possible well-formed scales?
The answer is undoubtedly complicated. The limits of the human ear’s ability to
discriminate between different pitches is probably the most important. Intervals
which are extremely small do not register as discrete entities. The relative sizes of
the two intervals in a well-formed scale may play a role as well: In the Arabic Region,
for example, the two intervals are the chromatic half step and the Pythagorean
comma, whose ratio is approximately 3 : 1, and in the Structurals the intervals are
the perfect fourth and the whole step, whose ratio is about 5 : 2. The ratio in the
Pentatonic region is about 3 : 2, and in the Diatonics, between the whole step and
the diatonic half step the ratio is close to 2 : 1. In the Chromatics, however, the
ratio of the chromatic to diatonic half-step is close to 1 : 1, that is, the ear finds
it difﬁ%ultb to distinguish between the two intervals. As k increases without bound,

Qg — Ok
?}Tk / ;Afak approaches unity, so when A/B is a higher order convergent, the two
intervals which make up the region are approximately the same size. So it may be
that not only the absolute size but also the relative size of the intervals plays a role
in determining which well-formed scales are musically useful: If the sizes of the two
intervals are too different or too much the same they do not yield a melodic scale.

We refer to the culmination with the diatonic scale of the progression of melodic
well-formed scales as closure. There are several mathematical correlations with the
phenomenon of closure. We have mentioned the correspondence of the first five re-

gions with the convergents or semi-convergents to the golden number,
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¢ = (1 ++/5)/2. This correspondence breaks down with the Diatonic Region
R(11,7), so the Diatonic Region is the last region where both intervals correspond
to convergents of ¢.

A related feature is the status of the Diatonic Region as the last region in the
family of regions generated by the whole step. Recall that each convergent of log, 3
generates a family
F(ak,bk) = {R(A,B) | A =nay + ak_1,B=nbr +bp_1; 0<n< try1 + 1} where
tr11 is the (k+ 1)t partial quotient of log, 3. Then the whole step p(3,2) generates
Fapy = {R(3n+272n+1) |0<n< 3}, that is the set consisting of R(3 1), R 3),
Rs5), R11,7)- [See diagram on page 35.] Similarly, the Arabic Region is the last
member of the family generated by the diatonic half step, p(s 5 = 256/243, and
the Chinese system of 53 tones is the final element in F{19,12), the family generated
by the Pythagorean comma.

Evidentially an equivalent formulation of the closure problem is to ask why the
whole step should be considered the fundamental unit, the basic scale-step. That
this was the way the ancient Greek theorists conceived of the whole step is evident
in their terminology, in which the whole step is dcarovor (diatonon), “through a
tone,” and the diatonic half step is Aeppa (limma), “the remainder.” Despite the
extrapolation to systems of a 17-tone division or a 53-tone division of the octave by
Arabian and Chinese theorists, in the music of their cultures diatonic and pentatonic
scales predominate, at least in the sense that the whole step is the basic scale-step.

The way the whole step family imposes a type of mathematical closure on the
infinite process which gives rise to the set of regions is an example of a principle of
intersection, the coincidence of mathematical substructures within a larger system.
The region itself, as we have stated, is the intersection of two types of ordering
within the group G4 p): the coincidence of the linear ordering of P with what
might be called the canonical cyclic ordering of G(4,p). Goethe’s image of the
arrow and the circle, Kreis und Pfeil, comes to mind.

The way the octave frame superimposed on the region gives rise to the modal
system of well-formed scales is a further intersection. While the mathematical no-
tion of region owes nothing to the number 2 in particular, as was mentioned in
footnote 13 on page 26, in purely mathematical terms knowledge of a region over
the interval of an octave is in a sense the minimal information necessary to know
the entire region. We may mention here that the number of each type of interval

within an octave of any well-formed scale is invariant: in one octave of a well-
a

formed scale associated with R4 p) there are B — by intervals of the form o or
bi 3B—bx 9A—ay

San and b of the form SAar or S5 b
3ok \ BTtk r9a—ap br 30k (B—by)  9(A—ak)by 9(A—ak)by

(Qak> ' <3Bbk) = 3(B-bbe  an(B—br)  9ar(B—bx)

2(-D" = 9, Similarly if k£ is odd. The acoustic fact that the octave is determined
by the ratio 2 : 1 and that the octave is the equivalence relation between tones mo-
tivates the concept of a modal system obtained by taking the various intersections
of the octave and the region.

Similarly, the Structural Region coincides with the harmonic series in the sense
that the intervals possible within the structural system, the octave, fifth, fourth,
and whole step, correspond to the ratios 2 : 1, 3: 2,4 : 3, and 9 : 8, which are all in

. Assume k is even. Then 3% > 2% and

— 2Abk—Bak —
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the early part of the harmonic series, that is satisfying the so-called rule of small
numbers.

The diatonic system is at the culmination of the pattern of growth following
the lines of the whole step family and the point at which the Fibonacci pattern of
growth leading to the golden section diverges from the pattern leading to log, 3.
Up to this point these patterns are superimposed on the log, 3 continued fraction
pattern.

In the Timaeus, the formation of the diatonic scale is used as a metaphor for
the myth of creation. It is interesting to note that all of the intervals mentioned by
Plato correspond to convergents of the golden number, in our sense of considering
the ratios of the exponents. “And he went on to fill all the intervals of 4/3 with the
interval 9/8, leaving over in each a fraction. This remaining interval of the fraction
had its terms in the numerical proportion of 256 to 243. By this time the mixture
from which he was cutting these portions was all used up.”

Is this order of the diatonic scale an example of kosmos or taxis, a spontaneously
occuring order or a consciously constructed order? The perennial question of math-
ematics likewise presents itself: Is this order discovered or invented?

We hasten to acknowledge the claims of culture in the formation of the scales
and intervals which “provide music with an initial level of articulation,” in the
words of Lévi-Strauss.!” We can see that the Pythagorean diatonic system has
deep roots in our culture, and in a broad sense any scale and any mathematical for-
mulation is an aspect of culture. Whether discovery or invention, however, that the
Pythagorean system should contain within it such subtle and fascinating structures
as well-formed scales confers further authority upon it and upon the Pythagorean
conception of music as the power of number made manifest.
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