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Devwudfw

Zh frqvlghu vhyhudo shufhswxdo lvvxhv lq wkh frqwh{w ri pdfklqh uhfrjqlwlrq ri pxvlf sdwwhuqv1 Lw lv
dujxhg wkdw d vxffhvvixo lpsohphqwdwlrq ri d pxvlf uhfrjqlwlrq v|vwhp pxvw lqfrusrudwh shufhswxdo
lqirupdwlrq dqg huuru fulwhuld1 Zh glvfxvv vhyhudo phdvxuhv ri uk|wkp frpsoh{lw| zklfk duh xvhg iru
ghwhuplqlqj uhodwlyh zhljkwv ri slwfk dqg uk|wkp huuruv1 Wkhq/ d qhz phwkrg iru ghwhuplqlqj d orfdol}hg
wrqdo frqwh{w lv sursrvhg1 Wklv phwkrg lv edvhg rq hpslulfdoo| ghulyhg nh| glvwdqfhv1 Wkh jhqhudwhg
nh| dvvljqphqwv duh wkhq xvhg wr frqvwuxfw wkh shufhswxdo slwfk huuru fulwhulrq zklfk lv edvhg rq qrwh
uhodwhgqhvv udwlqjv rewdlqhg iurp h{shulphqwv zlwk kxpdq olvwhqhuv1
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Lq wklv zrun/ zh h{soruh wkh delolw| ri d frpsxwhu
wr uhfrjql}h sdwwhuqv lq pxvlf lq d shufhswxdoo| dqg
pxvlfdoo| phdqlqjixo pdqqhu1 Rxu glvfxvvlrq khuh
zloo eh fhqwhuhg durxqg d v|vwhp iru pdfklqh uhfrj0
qlwlrq ri pxvlf sdwwhuqv lqwurgxfhg e| Fr|oh dqg
Vkpxohylfk +4<<:,1 Vxfk d v|vwhp lv lqwhqghg wr eh
xvhg iru uhwulhydo ri pxvlf lqirupdwlrq iurp odujh
pxvlf gdwdedvhv1 Krzhyhu/ dv wkh wlwoh vxjjhvwv/
zh zloo frqfhqwudwh prvwo| rq shufhswxdo pdwwhuv
uhodwhg wr pxvlf sdwwhuq uhfrjqlwlrq1

Wkh delolw| wr uhwulhyh pxvlf e| frqwhqw +dqg qrw
e| vhfrqgdu| lqirupdwlrq vxfk dv wlwoh/ frpsrvhu/
o|ulfv/ hwf1, pd| vrphgd| kdyh d pdmru lpsdfw rq
wkh pxvlf lqgxvwu|1 E| lqfrusrudwlqj uhvhdufk lq
pxvlf shufhswlrq dqg frjqlwlrq/ wkh pxvlf uhfrjql0
wlrq v|vwhp ehfrphv d elw pruh olnh d kxpdq ehlqj/
xvlqj zkdw lv nqrzq derxw krz kxpdqv shufhlyh/
phprul}h/ dqg uhsurgxfh pxvlf sdwwhuqv1 Zkhq d
kxpdq ehlqj dwwhpswv wr uhsurgxfh d +srvvleo| lq0
fruuhfwo|, phprul}hg slhfh ri pxvlf/ vd| e| vlqjlqj
ru kxpplqj lw/ kh ru vkh lv olnho| wr lqwurgxfh hu0
uruv1 Krzhyhu/ wkhvh huuruv duh/ pruh riwhq wkdq
qrw/ pxvlfdoo| phdqlqjixo rqhv1 Lw lv suhflvho| wklv
w|sh ri nqrzohgjh wkdw wklv v|vwhp h{sorlwv1

Zh iudph wkh sureohp ri uhfrjqlwlrq ri pxvlfdo
sdwwhuqv dv d fodvvlfdo sdwwhuq uhfrjqlwlrq sureohp
lq wkh vhqvh wkdw dq huuru ehwzhhq d wdujhw +txhu|,
sdwwhuq dqg vfdqqhg sdwwhuq iurp d gdwdedvh lv wr
eh plqlpl}hg1 Wkh pdlq gl�huhqfh/ krzhyhu/ eh0
wzhhq rxu dssurdfk dqg wudglwlrqdo dssurdfkhv lv
wkdw wkh huuru fulwhulrq xvhg wr mxgjh wkh jrrgqhvv
ri d pdwfk ehwzhhq wkh wzr sdwwhuqv lv ghulyhg iurp
shufhswxdo vwxglhv1 Wklv huuru wdnhv lqwr dffrxqw
slwfk dqg uk|wkp lqirupdwlrq1 Vhfwlrq 5 eulh�| uh0
ylhzv wkh frpsrqhqwv ri wkh pxvlf sdwwhuq uhfrj0
qlwlrq v|vwhp frqvlghuhg khuh1 Lq Vhfwlrq 6/ zh glv0
fxvv wkh uroh ri uk|wkp frpsoh{lw| lq ghwhuplqlqj
uhodwlyh zhljkwv ri slwfk dqg uk|wkp huuruv1 Wkhq/
lq Vhfwlrq 7/ zh irfxv rq nh|0�qglqj dojrulwkpv
zklfk duh xvhg lq wkh sdwwhuq uhfrjqlwlrq v|vwhp
iru wkh irupdwlrq ri wkh shufhswxdo slwfk huuru ful0
whulrq1
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Phorglhv duh shufhswxdoo| lqyduldqw xqghu d pxo0
wlsolfdwlyh wudqvirupdwlrq ri iuhtxhqflhv> khqfh/
slwfk uhodwlrqv udwkhu wkdq devroxwh slwfk ihdwxuhv
xqghuolh wkh shufhswxdo lghqwlw| ri d phorg| +Kxovh
hw do1/ 4<<5,1 Vlqfh lw lv wklv uhodwlyh lqirupdwlrq
wkdw lv hqfrghg/ lw lv suhflvho| wkdw vdph lqirupd0
wlrq wkdw qhhgv wr eh uhsuhvhqwhg rq d frpsxwhu1
Wdnlqj wklv lqwr dffrxqw/ zh rqo| qhhg wr uhsuh0
vhqw wkh gl�huhqfhv ri qrwhv/ udwkhu wkdq wkh qrwhv
wkhpvhoyhv1 Vr/ iru d vhtxhqfh ^t4> t5> � � � > tq` ri q
qrwhv/ zh gh�qh d slwfk gl�huhqfh yhfwru

s @^s4> s5> � � � > sq�4` > zkhuh sl @ tl.4 � tl

dv dq hqfrglqj ri wkh vhtxhqfh ri qrwhv1 Qrwh wkdw
wkh tl duh devroxwh slwfk ydoxhv/ gh�qhg dffruglqj
wr/ vd|/ wkh PLGL vwdqgdug dqg wkxv sl duh wkh qxp0
ehu ri vhplwrqhv +srvlwlyh ru qhjdwlyh, iurp tl wr
tl.41
Uhsuhvhqwdwlrq ri uk|wkp lqirupdwlrq dovr uh0

olhv rq d shufhswxdo lqyduldqfh xqghu d fkdqjh ri
whpsr1 Wklv w|sh ri lqyduldqfh lv olqnhg wr wkh
idfw wkdw fkdqjhv lq whpsr pdlqwdlq frqvwdqw gx0
udwlrqdo udwlrv dprqj vwuxfwxudo hohphqwv +Kxovh hw
do1/ 4<<5,1 Vlplodu wr slwfk uhsuhvhqwdwlrq/ zh uhs0
uhvhqw udwlrv ri gxudwlrqv udwkhu wkdq wkh gxudwlrqv
wkhpvhoyhv1 Zkhq hqfrglqj ru phprul}lqj uk|wk0
plf sdwwhuqv/ zh uhjlvwhu wlphv ri rffxuuhqfh ri wkh
qrwhv zlwklq wkh phwulfdo vwuxfwxuh/ udwkhu wkdq wkh
gxudwlrqv ri wkh qrwhv1 Ehfdxvh ri wklv idfw/ zh zloo
suhihu wr xvh d qhz qrwlrq uhihuuhg wr dv wkh whup

ri d qrwh/ zklfk zh zloo gh�qh wr eh wkh wlph eh0
wzhhq frqvhfxwlyh qrwh rqvhwv1 Wr wklv hqg/ iru d
vhtxhqfh g @ ^g4> g5> � � � > gq` ri whupv/ zh gh�qh d
uk|wkp gl�huhqfh yhfwru

u @ ^u4> u5> � � � > uq�4` > zkhuh ul @
gl.4
gl

dv dq hqfrglqj ri wkh vhtxhqfh ri whupv1
Wkh ryhudoo huuru +glvwdqfh, ehwzhhq d wdujhw sdw0

whuq dqg d vfdqqhg sdwwhuq lv d frpelqdwlrq ri erwk
slwfk dqg uk|wkp huuruv1 Ohw xv h{suhvv wklv uhod0
wlrqvkls dv

h @ � � ht . +4� �, � hu

zkhuh ht uhsuhvhqwv wkh slwfk huuru/ lwvhoi d frpel0
qdwlrq ri remhfwlyh dqg shufhswxdo slwfk huuruv glv0
fxvvhg lq Vhfwlrq 7/ zkloh hu uhsuhvhqwv wkh uk|wkp

4



huuru +vhh +Fr|oh dqg Vkpxohylfk/ 4<<:, iru gh0
wdlov,1 Frqvhtxhqwo|/ wkh zhljkwv ri wkh wzr huuru
frpsrqhqwv qhhg wr eh ghwhuplqhg1 Wkh lghd lv
wkdw wdujhw sdwwhuqv zlwk uhodwlyho| vlpsoh uk|wkp
frpsoh{lw|/ zklfk rffxu iuhtxhqwo| lq pxvlf/ vkrxog
frqwulexwh ohvv wr wkh uk|wkp huuru hu/ wkdq pruh
frpsoh{ uk|wkpv1 Zh qrz glvfxvv wklv ixuwkhu1

� +�)|�4 �L4T*i �|)

Lq +Vkpxohylfk dqg Sryho/ 4<<;,/ wkuhh qhz phd0
vxuhv ri uk|wkp frpsoh{lw| duh h{dplqhg1 Zh du0
jxh wkdw d vxffhvvixo dqg shufhswxdoo| vdolhqw phd0
vxuh ri uk|wkp frpsoh{lw| fdq eh xvhg lq wkh px0
vlf sdwwhuq uhfrjqlwlrq v|vwhp ghvfulehg deryh e|
doorzlqj lw wr ghwhuplqh uhodwlyh zhljkwv ri slwfk
dqg uk|wkp huuruv1 Wkh �uvw phdvxuh lv edvhg rq
wkh zrun ri Wdqjxldqh +4<<7, dqg xvhv wkh lghd
wkdw d uk|wkplf sdwwhuq fdq eh ghvfulehg lq whupv
ri +hoderudwlrqv ri, pruh vlpsoh sdwwhuqv/ vlpxo0
wdqhrxvo| dw gl�huhqw ohyhov1 Wkh vhfrqg phdvxuh
lv edvhg rq wkh frpsoh{lw| phdvxuh iru �qlwh vh0
txhqfhv sursrvhg e| Ohpsho dqg ]ly +4<:9,/ zklfk
lv uhodwhg wr wkh qxpehu ri vwhsv lq d vhoi0gholplwlqj
surgxfwlrq surfhvv e| zklfk vxfk d vhtxhqfh lv suh0
vxphg wr eh jhqhudwhg1 Ilqdoo|/ wkh wklug phdvxuh
sursrvhg lv urrwhg lq wkh wkhruhwlfdo iudphzrun ri
uk|wkp shufhswlrq glvfxvvhg lq +Sryho dqg Hvvhqv/
4<;8,1 Wklv phdvxuh wdnhv lqwr dffrxqw wkh hdvh
ri frglqj d whpsrudo sdwwhuq dqg wkh +frpelqhg,
frpsoh{lw| ri wkh vhjphqwv uhvxowlqj iurp wklv frg0
lqj1
Iluvw/ zh pxvw gh�qh wkh grpdlq ri uk|wkpv

vwxglhg1 Zh uhvwulfw rxuvhoyhv wr txdqwl}hg
uk|wkpv/ l1h1 uk|wkpv dv qrwdwhg lq d vfruh/ zlwk0
rxw wlplqj ghyldwlrqv gxh wr shuirupdqfh1 Ixuwkhu0
pruh/ wkh uk|wkpv vwxglhg duh vxssrvhg wr uhshdw
ru orrs lq�qlwho| dqg wkxv irup dq lq�qlwh vhtxhqfh
ri hyhqwv1 Zh qrwdwh d uk|wkplf sdwwhuq dv d vwulqj
ri rqhv dqg }hurv/ lq zklfk wkh v|pero c4* uhsuhvhqwv
d qrwh rqvhw dqg c3* uhsuhvhqwv qr qrwh rqvhw1 Zh
qrz surfhhg wr glvfxvv wkh sursrvhg phdvxuhv1

��� A��i@t�hi EA@?}��@?i 4i@t�hi�

Frqvlghu glylglqj wkh txduwhu qrwh lqwr hoder0
udwlrqv +Prqw0Uh|qd|g dqg Jrogvwhlq/ 4<;8, ru
uk|wkplf sdwwhuqv ri htxdo wrwdo gxudwlrq1 Vxfk
d vxeglylvlrq irupv d sduwldoo| rughuhg vhw1 Lq wkh

Iljxuh 4= Hoderudwlrqv ri d txduwhu qrwh

fdvh ri glylglqj d txduwhu qrwh lqwr sdwwhuqv frq0
wdlqlqj qrwhv zlwk gxudwlrqv qr vpdoohu wkdq d vl{0
whhqwk/ zh irup wkh Errohdq odwwlfh rq 6 jhqhudwruv/
H6/ vkrzq lq Iljxuh 41 Lq wklv h{dpsoh/ wkh hoh0
phqwv ri wklv odwwlfh fdq eh frghg dv elqdu| vwulqjv
ri ohqjwk 61 Wdqjxldqh vkrzv krz d uk|wkplf sdw0
whuq fdq eh ghvfulehg e| uk|wkplf frq�jxudwlrqv
dw vhyhudo ohyhov vlpxowdqhrxvo|/ h1j1/ dw wkh hljkwk
qrwh ohyho/ dw wkh txduwhu qrwh ohyho/ dqg vr rq1 Ri
frxuvh/ iru hdfk vxfk ohyho/ zh xvh dq dssursuldwh
sduwldoo| rughuhg vhw vlplodu wr wkh rqh deryh1 Dw
hdfk vxfk ohyho/ vrph sdwwhuqv duh hoderudwlrqv ri
rwkhu sdwwhuqv1 Wkh sdwwhuqv zklfk duh qrw hoder0
udwlrqv ri dq| rwkhu sdwwhuq duh fdoohg urrw sdwwhuqv1
Wkh frpsoh{lw| ri wkh uk|wkplf sdwwhuq lv gh�qhg
e| wdnlqj wkh pd{lpxp qxpehu ri urrw sdwwhuqv/
ryhu doo srvvleoh vwuxfwxudo ohyhov/ uhtxluhg wr jhq0
hudwh wkh uk|wkplf sdwwhuq lq txhvwlrq1 D elmhf0
wlyh pdsslqj fdq eh hvwdeolvkhg ehwzhhq wkh vhw
ri urrw sdwwhuqv dqg wkh vhw ri plqlpdo sulphv ri
d prqrwrqh Errohdq ixqfwlrq1 Lw lv zhoo nqrzq
wkdw wkh pd{lpxp qxpehu ri plqlpdo sulphv ri d
prqrwrqh Errohdq ixqfwlrq ri q yduldeohv lv htxdo

wr

�
q
eq@5f

�
dqg khqfh ghwhuplqhv wkh pd{lpxp

srvvleoh qxpehu ri urrw sdwwhuqv dqg frqvhtxhqwo|
wkh pd{lpxp frpsoh{lw| xqghu wkh W0phdvxuh1
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Dqrwkhu dssurdfk iru txdqwli|lqj frpsoh{lw| ri
uk|wkpv lv wr xvh wkh srsxodu phdvxuh sursrvhg e|
Ohpsho ) ]ly +4<:9,1 Hvvhqwldoo|/ wklv frpsoh{lw|
phdvxuh fdswxuhv wkh qxpehu ri _qhz% vxevwulqjv
irxqg dv wkh vhtxhqfh hyroyhv iurp ohiw wr uljkw
+dv lv wkh fdvh lq pxvlf,1 Dv vrrq dv d qhz vxe0
vwulqj lv irxqg/ wkh frpsoh{lw| lqfuhdvhv e| 41 Wkh
phdvxuh hvvhqwldoo| wdnhv lqwr dffrxqw uhshwlwlrqv
ri sdwwhuqv rq doo vwuxfwxudo ohyhov1 Lw vkrxog eh
srlqwhg rxw/ krzhyhu/ wkdw wkh O] frpsoh{lw| lq
jhqhudo lv qrw zhoo vxlwhg iru yhu| vkruw vhtxhqfhv
dqg wkxv wkh dvvxpswlrq ri f|folfdo uk|wkpv lv yhu|
xvhixo1 Wkh phdvxuh lv lqwhqghg wr fdswxuh wkh
pxowl0ohyho uhgxqgdqf| hpehgghg lq wkh uk|wkplf
sdwwhuq zlwkrxw uhjdug wr dq| shufhswxdo phfkd0
qlvpv lqyroyhg lq frglqj lw1 Wkxv/ wkh phdvxuh
grhv qrw wdnh lqwr dffrxqw wkh srvvlelolw| wkdw vrph
ri wkh lqirupdwlrq hpehgghg lq wkh vhtxhqfh pd|
qrw eh shufhswxdoo| uhohydqw wr d kxpdq olvwhqhu1
Wkhuhiruh/ lw fdq eh xvhg dv d uhihuhqfh srlqw iru
rwkhu phdvxuhv wkdw gr lqfrusrudwh shufhswxdo frq0
vwudlqwv lq wkdw wkh| vkrxog h{klelw juhdwhu fruuh0
vsrqghqfh wr vxemhfwlyh mxgjhphqwv ri frpsoh{lw|
wkdq wkh O]0Phdvxuh1

��� �5��i@t�hi E�L�i*�5�4�*i��U�
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Wkh SV0Phdvxuh lv urrwhg lq wkh wkhruhwlfdo iudph0
zrun ri uk|wkp shufhswlrq glvfxvvhg lq +Sryho dqg
Hvvhqv/ 4<;8,1 D edvlf qrwlrq ri wkh prgho lv wkdw
d olvwhqhu dwwhpswv wr hvwdeolvk dq lqwhuqdo forfn
+ehdw, wkdw vhjphqwv wkh uk|wkp lqwr htxdo lqwhu0
ydov1 Wkh lqgxfwlrq ri wkh forfn lv ghwhuplqhg e|
wkh glvwulexwlrq ri dffhqwv lq wkh vhtxhqfh1 Iru
dq| jlyhq uk|wkp/ d qxpehu ri srvvleoh forfnv fdq
eh lqgxfhg1 Krzhyhu/ lw lv dvvxphg wkdw wkh forfn
zklfk ehvw �wv wkh glvwulexwlrq ri dffhqwv lq wkh
uk|wkp lv wkh rqh dfwxdoo| lqgxfhg1 Wklv forfn lv
uhihuuhg wr dv wkh ehvw forfn1 Ixuwkhupruh/ wkh hdvh
zlwk zklfk wkh ehvw forfn lv lqgxfhg ghshqgv rq
krz zhoo lw �wv wkh glvwulexwlrq ri dffhqwv1 Diwhu
kdylqj fkrvhq wkh ehvw forfn/ wkh olvwhqhu frghv wkh
vhjphqwv surgxfhg e| wklv forfn1
Glvfxvvlqj wkh frpsoh{lw| ri uk|wkpv/ wkh dx0

wkruv vwdwh wkdw d _jlyhq whpsrudo sdwwhuq zloo eh
mxgjhg frpsoh{ zkhq hlwkhu qr lqwhuqdo forfn lv lq0

gxfhg ru/ zkhuh lw lv lqgxfhg/ zkhq wkh frglqj ri
wkh sdwwhuq lv uhodwlyho| frpsoh{% +Sryho dqg Hv0
vhqv/ 4<;8,1 Lq oljkw ri wkdw/ wkh sursrvhg phdvxuh
ri frpsoh{lw| vkrxog eh d frpelqdwlrq ri wkh lqgxf0
wlrq vwuhqjwk ri wkh ehvw forfn rq wkh rqh kdqg dqg
wkh h�flhqf| ri frglqj ri wkh uk|wkp rq wkh rwkhu1
Wkh �uvw sduw ri wkh SV0Phdvxuh wkxv shuwdlqv wr
wkh lqgxfwlrq vwuhqjwk ri wkh ehvw forfn/ zklfk lv
fdswxuhg e| wkh F0vfruh +Sryho dqg Hvvhqv/ 4<;8,1
Wkh F0vfruh lv frpsxwhg e| wdnlqj lqwr dffrxqw d
zhljkwhg frpelqdwlrq ri wkh qxpehu ri forfn wlfnv
wkdw frlqflgh zlwk xqdffhqwhg hyhqwv dqg zlwk vl0
ohqfh=

F @Z � vh . xh +4,

zkhuh vh vwdqgv iru wkh qxpehu ri forfn wlfnv fr0
lqflglqj zlwk vlohqfh dqg xh zlwk wkh qxpehu ri
xqdffhqwhg hyhqwv1 Wkh orzhu wkh vfruh/ wkh kljkhu
wkh lqgxfwlrq vwuhqjwk ri wkh forfn> khqfh kljkhu
vfruhv fruuhvsrqg wr kljkhu frpsoh{lw|1
Wkh vhfrqg sduw ri wkh SV0Phdvxuh shuwdlqv wr

wkh h�flhqf| ri wkh frgh1 Lq ghwhuplqlqj frg0
lqj frpsoh{lw|/ zh glvwlqjxlvk ehwzhhq irxu w|shv
ri srvvleoh vhjphqwv= dq hpsw| vhjphqw +H,/ dq
htxdoo| vxeglylghg vhjphqw +Vn/ zkhuh n lqglfdwhv
wkh qxpehu ri htxdo vxeglylvlrqv,/ dq xqhtxdoo|
vxeglylghg vhjphqw +X,/ dqg �qdoo| d vhjphqw
zklfk ehjlqv zlwk vlohqfh +Q,1 Wr frpsxwh wkh
frglqj frpsoh{lw|/ d gl�huhqw zhljkw lv dvvrfldwhg
zlwk hdfk w|sh ri vhjphqw1 Zhljkwv g4> � � � > g7 fru0
uhvsrqg uhvshfwlyho| wr wkh irxu w|shv ri vhjphqwv
glvwlqjxlvkhg deryh1 Ilqdoo|/ d zhljkw g8 lv xvhg lq
rughu wr dffrxqw iru uhshwlwlrqv ri vhjphqwv1 Vshfli0
lfdoo|/ li d vhjphqw lv gl�huhqw iurp wkh vhjphqw
iroorzlqj lw/ d ydoxh ri g8 lv dgghg wr wkh vxp ri doo
zhljkwv dffxpxodwhg vr idu1 Wkh udwlrqdoh ehklqg
wklv lv wkdw wzr gl�huhqw frqvhfxwlyh vhjphqwv duh
olnho| wr lqfuhdvh frpsoh{lw|1 Qrz/ wkh wrwdo frglqj
frpsoh{lw| fdq eh h{suhvvhg dv=

G @
q[
l@4

fl .p � g8 +5,

zkhuh fl 5 ig4> � � � > g7j lv wkh zhljkw ri wkh lwk

vhjphqw/ q lv wkh qxpehu ri vhjphqwv/ dqg p lv
wkh qxpehu ri frqvhfxwlyh vhjphqw sdluv frqwdlqlqj
gl�huhqw vhjphqwv1
Ilqdoo|/ wkh SV0Phdvxuh lv gh�qhg dv wkh

zhljkwhg frpelqdwlrq ri wkh lqgxfwlrq vwuhqjwk ri
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wkh forfn dqg wkh wrwdo frglqj frpsoh{lw|=

S @ � � F . +4� �, �G +6,

zkhuh F lv wkh lqgxfwlrq vwuhqjwk ri wkh ehvw forfn
dqg G lv wkh wrwdo frglqj frpsoh{lw| rewdlqhg e|
vhjphqwlqj wkh uk|wkp zlwk wkdw forfn1 Wzr sd0
udphwhuv zklfk pxvw eh ghwhuplqhg duh Z dqg �/
zkhuh Z lv wkh zhljkw xvhg lq +4, wr frpsxwh F
zkloh � uhsuhvhqwv wkh uhodwlyh lpsruwdqfh ri forfn
lqgxfwlrq vwuhqjwk dqg frglqj h�flhqf|1
Doo sdudphwhuv zhuh ghwhuplqhg e| xwlol}lqj wkh

uhvxowv ri dq h{shulphqw uhsruwhg lq +Hvvhqv/ 4<<8,1
H{shulphqw 6 ri wkdw zrun frqvlvwhg ri dvnlqj
wzhqw| kxpdq olvwhqhuv wr pdnh frpsoh{lw| mxgjh0
phqwv rq 57 uk|wkplf sdwwhuqv/ rq d vfdoh ri 4 wr 81
Doo sdudphwhuv zhuh rswlpl}hg vr dv wr lqfuhdvh wkh
fruuhodwlrq ehwzhhq wkh dyhudjh mxgjhg frpsoh{lw|
uhsruwhg lq +Hvvhqv/ 4<<8, dqg wkh SV0Phdvxuh1 Wr
dfklhyh wklv/ vlpsoh{ vhdufk dv zhoo dv txdvl0Qhzwrq
vhdufk phwkrgv zhuh xvhg1 Wkh uhvxowlqj fruuhod0
wlrq ehwzhhq wkh dyhudjh mxgjhg frpsoh{lwlhv dqg
wkh SV0Phdvxuh frpsoh{lwlhv frpsxwhg zlwk wkhvh
sdudphwhuv lv u @ 3=;61 Wklv phdvxuh zdv vxevh0
txhqwo| whvwhg e| dsso|lqj lw wr d qhz vhw ri gdwd
frqwdlqlqj frpsoh{lw| mxgjphqwv dqg irxqg wr eh
uholdeoh +Vkpxohylfk dqg Sryho/ vxeplwwhg,1
Wkh W0Phdvxuh/ edvhg rq wkh zrun ri Wdqjxldqh/

zdv wkh srruhvw shuiruphu1 Wkh O]0Phdvxuh dovr
shuiruphg srruo|/ exw wklv zdv prvw olnho| gxh wr
wkh yhu| vkruw ohqjwkv ri uk|wkpv rq zklfk lw zdv
xvhg1 Wkh SV0Phdvxuh lv wkh prvw surplvlqj lq
wkdw lw lqfrusrudwhv shufhswxdo lqirupdwlrq dqg lv
edvhg rq dq hpslulfdoo| whvwhg prgho ri uk|wkp
shufhswlrq1

e ki) 6�?_�?}

Ohw xv djdlq uhwxuq wr wkh pxvlf sdwwhuq uhfrjqlwlrq
v|vwhp1 Iru wkh slwfk huuru frpsrqhqw/ zh zlvk wr
eh deoh wr uh�hfw gl�huhqfhv ri frqwrxu 0 wkh gluhf0
wlrq ri slwfk fkdqjh iurp rqh qrwh wr wkh qh{w 0 lq
rxu huuru1 Rxu remhfwlyh slwfk huuru lv gh�qhg dv
hr @ ns� s3n4/ zkhuh s dqg s3 duh wkh slwfk gli0
ihuhqfh yhfwruv ri wkh vfdqqhg dqg wdujhw sdwwhuqv1
Wkh O40qrup lv fkrvhq +dv rssrvhg wr Os> s 9@ 4,
iru odfn ri dq| dssduhqw uhdvrq wr eldv wkh huuru lq
idyru ru djdlqvw vpdoo ru odujh lqfuhphqwv lq slwfk1
Wklv qrup/ dw wklv vwdjh ri wkh slwfk huuru/ uh�hfwv
wkh gl�huhqfhv ri frqwrxu ehwzhhq wkh wdujhw dqg

vfdqqhg sdwwhuqv zlwkrxw eldv1 Wkh eldv zloo frph
lqwr sod| zkhq zh lqfrusrudwh txdqwl�hg shufhs0
wxdo lqirupdwlrq1
Shuiruplqj fodvvl�fdwlrq edvhg vroho| rq wkh re0

mhfwlyh slwfk huuru zrxog qrw wdnh lqwr dffrxqw wkh
idfw wkdw lqwhuydov ri htxdo vl}h duh qrw shufhlyhg dv
ehlqj htxdo zkhq wkh wrqhv duh khdug lq wrqdo frq0
wh{wv +Nuxpkdqvo dqg Vkhsdug/ 4<:<,1 Vxfk skh0
qrphqd fdqqrw eh hperglhg e| wkh remhfwlyh slwfk
huuru dorqh1
Vlqfh wkh xowlpdwh jrdo lv wr uhfrjql}h d wdujhw

sdwwhuq phprul}hg +srvvleo| lqfruuhfwo|, e| d kx0
pdq ehlqj/ lw lv lpsruwdqw wr frqvlghu fhuwdlq sulq0
flsohv ri phorg| phprul}dwlrq dqg uhfdoo1 Iru h{0
dpsoh/ �qglqjv vkrzhg wkdw _ohvv vwdeoh hohphqwv
whqghg wr eh srruo| uhphpehuhg dqg iuhtxhqwo|
frqixvhg zlwk pruh vwdeoh hohphqwv1% Dovr/ zkhq
dq xqvwdeoh hohphqw zdv lqwurgxfhg lqwr d wrqdo vh0
txhqfh/ _111 wkh xqvwdeoh hohphqw zdv lwvhoi srruo|
uhphpehuhg%+Nuxpkdqvo/ 4<<3,1 Vr/ wkh rffxu0
uhqfh ri dq xqvwdeoh lqwhuydo zlwklq d jlyhq wrqdo
frqwh{w +h1j1/ d phorg| hqglqj lq wkh wrqhv F F`
lq wkh F pdmru frqwh{w, vkrxog eh shqdol}hg pruh
wkdq d vwdeoh lqwhuydo +h1j1/ E F lq wkh F pdmru
frqwh{w, vlqfh wkh xqvwdeoh lqwhuydo lv ohvv olnho| wr
kdyh ehhq phprul}hg e| wkh kxpdq xvhu1 Wkhvh
shufhswxdo skhqrphqd pxvw eh txdqwl�hg iru wkhp
wr eh xvhixo lq wkh fodvvl�fdwlrq ri pxvlfdo sdwwhuqv1
Vxfk d txdqwl�fdwlrq lv surylghg e| wkh uhodwhgqhvv

udwlqjv irxqg e| Nuxpkdqvo +4<<3,1 Hvvhqwldoo|/
d uhodwhgqhvv udwlqj ehwzhhq wrqh t4 dqg wrqh t5
+t4 9@ t5, lv d phdvxuh ri krz zhoo t5 iroorzv t4
lq d jlyhq wrqdo frqwh{w1 Wkh uhodwhgqhvv udwlqj lv
d uhdo qxpehu ehwzhhq 4 dqg : dqg lv ghwhuplqhg
e| h{shulphqwv zlwk kxpdq olvwhqhuv1 Uhvxowv duh
surylghg iru erwk pdmru dqg plqru frqwh{wv1 Vr/
d uhodwhgqhvv udwlqj ehwzhhq wzr gl�huhqw wrqhv lq
dq| ri 57 srvvleoh wrqdo frqwh{wv fdq eh irxqg gxh
wr lqyduldqfh xqghu wudqvsrvlwlrq1
Wr wklv hqg/ vxssrvh zh duh vfdqqlqj d vhtxhqfh

ri q qrwhv wr zklfk zh frpsduh d wdujhw sdwwhuq
frqvlvwlqj ri q qrwhv1 Iru wkh prphqw/ dvvxplqj
nqrzohgjh ri wkh wrqdo frqwh{w ri wkh vfdqqhg sdw0
whuq/ zh gh�qh lwv yhfwru ri uhodwhgqhvv udwlqjv � @
^�4> �5> � � � > �q�4` dv zhoo dv � @

�
�4> �5> � � � > �q�4

�
/

wkh yhfwru ri uhodwhgqhvv udwlqjv iru wkh wdujhw sdw0
whuq lq wkh vdph wrqdo frqwh{w1 Hdfk �l dqg �l lv
wkh uhodwhgqhvv udwlqj ehwzhhq slwfkhv tl dqg tl.4
lq wkh jlyhq wrqdo frqwh{w iru wkh vfdqqhg dqg wdu0
jhw sdwwhuqv uhvshfwlyho|1 Kdylqj gh�qhg wkh yhf0
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wruv ri uhodwhgqhvv udwlqjv iru wkh vfdqqhg dqg wdu0
jhw sdwwhuqv/ zh fdq gh�qh wkh shufhswxdo slwfk
huuru wr eh hs @ n�� �n

4
1 Lw lv zruwk qrwlqj wkdw

li hr @ 3/ wkhq hs @ 3/ zkloh wkh frqyhuvh lv qrw
wuxh1 Zh fdq frpelqh wkh remhfwlyh dqg shufhs0
wxdo huuruv lqwr d slwfk huuru

ht @ � � hs . +4� �, � hr +7,

Zh kdyh dvvxphg wkdw lq wkh frpsxwdwlrq ri wkh
shufhswxdo slwfk huuru/ zh kdg nqrzohgjh ri wkh
wrqdo frqwh{w ri wkh vfdqqhg sdwwhuq1 Wkxv/ wkh
qhhg dulvhv iru d orfdol}hg nh| �qglqj dojrulwkp
zklfk zloo suhvhqw xv zlwk d prvw olnho| wrqdo frq0
wh{w iru d jlyhq pxvlfdo sdwwhuq zklfk zloo eh vxe0
vhtxhqwo| xvhg iru wkh uhodwhgqhvv udwlqj yhfwruv1
Vxfk dq dojrulwkp zdv ghyhorshg e| Nuxpkdqvo
+4<<3, dqg lv hvvhqwldoo| edvhg rq wkh idfw wkdw
_prvw vwdeoh slwfk fodvvhv vkrxog rffxu prvw riwhq%
+Wdnhxfkl/ 4<<7,1 Zh qrz pdnh fhuwdlq prgl�fd0
wlrqv wr wklv dojrulwkp dqg suhvhqw d phwkrg iru
ghwhuplqlqj wkh sdudphwhu � lq htxdwlrq +7,1
Wkh dojrulwkp surgxfhv d 570hohphqw yhfwru ri

fruuhodwlrqv/ u @ ^u4> � � � > u57`/ wkh �uvw wzhoyh iru
pdmru frqwh{wv dqg wkh rwkhuv iru plqru frqwh{wv1
Wkh kljkhvw fruuhodwlrq/ upd{/ lv wkh rqh wkdw fru0
uhvsrqgv wr wkh prvw olnho| wrqdo frqwh{w ri wkh
pxvlfdo sdwwhuq ehlqj vfdqqhg1 Vxssrvh d pxvl0
fdo frpsrvlwlrq +ru vhw ri frpsrvlwlrqv, wkdw zh
zlvk wr vfdq iru wkh sxusrvh ri uhfrjql}lqj wkh
wdujhw sdwwhuq frqvlvwv ri p qrwhv dqg wkh wdu0
jhw sdwwhuq lwvhoi frqvlvwv ri q qrwhv +w|slfdoo|/
p  q,1 Lq rxu dojrulwkp/ zh volgh d zlqgrz ri
ohqjwk q dfurvv wkh vhtxhqfh ri p qrwhv dqg iru
hdfk zlqgrz srvlwlrq/ wkh nh|0�qglqj dojrulwkp
rxwsxwv d nh| dvvljqphqw1 Wkxv/ zh kdyh d vh0
txhqfh w @ ^w4> w5> � � � > wp�q.4` ri nh| dvvljqphqwv
vxfk wkdw wl @ dujpd{ +ul,1 Iljxuh 5 vkrzv d w|sl0
fdo vhtxhqfh ri nh| dvvljqphqwv1
Xqiruwxqdwho|/ lq sudfwlfh/ wkhuh lv txlwh d elw ri

yduldwlrq lq fhuwdlq uhjlrqv ri wkh vhtxhqfh ri nh|
dvvljqphqwv1 Frpprq duwlidfwv duh lpsxovhv dqg
rvfloodwlrqv ehwzhhq prgxodwlrqv +hgjhv,1 Wkh uhd0
vrqv iru wklv duh ghvfulehg lq ghwdlo lq +Vkpxohylfk
dqg Fr|oh/ 4<<:,1 Wklv lv gxh wr wkh dojrulwkp*v
vhqvlwlylw| wr wkh glvwulexwlrq ri slwfkhv zlwklq wkh
zlqgrz1 Wkhvh vpdoo rvfloodwlrqv dqg lpsxovhv duh
xqghvludeoh/ qrw rqo| ehfdxvh wkh| gr qrw uh�hfw
rxu qrwlrqv ri prgxodwlrqv dqg orfdol}hg wrqdo frq0
wh{w/ exw sulpdulo| ehfdxvh wkh| d�hfw wkh uhodw0
hgqhvv udwlqj yhfwruv/ zklfk lqkhuhqwo| ghshqg rq

Iljxuh 5= W|slfdo vhtxhqfh ri nh| dvvljqphqwv

wkh wrqdo frqwh{w surgxfhg e| wkh nh|0�qglqj do0
jrulwkp1 Vlqfh wkh ydoxhv ri wkh dvvljqhg nh| vh0
txhqfh riwhq dsshduv duelwudu| lq wkh uhjlrqv ri rv0
floodwlrq/ wkh shufhswxdo slwfk huuru lv glvwruwhg lq
wkhvh uhjlrqv1 Wkhuhiruh/ wkh suhihudeoh dfwlrq lv wr
vprrwk rxw wkrvh orfdo rvfloodwlrqv1 Dv d vroxwlrq
wr wklv sureohp/ ydulrxv qrqolqhdu �owhuv/ vxfk dv
wkh uhfxuvlyh phgldq �owhu +Qrghv dqg Jdoodjkhu/
4<;6,/ kdyh ehhq hpsor|hg +Vkpxohylfk dqg Fr|oh/
4<<:,1 Rqh gl�fxow| zlwk xvlqj vxfk �owhuv lv gxh
wr wkh fodvv txdolw| ri wkh lqsxw gdwd1 Wkdw lv/
wkhuh lv qr qdwxudo rughulqj ri wkh wrqdo frqwh{wv1
Vxssrvh wkdw 57 srvvleoh fodvvhv duh qxpehuhg +ru0
ghuhg, duelwudulo|/ dqg �owhuhg zlwk wkh uhfxuvlyh
phgldq �owhu/ dq rughu vwdwlvwlf �owhu1 Li wklv zrunhg
vdwlvidfwrulo|/ zh zrxog jhw wkh vdph uhvxow lq doo
57$ srvvleoh lqsxw fodvv shupxwdwlrqv1 Fohduo| wklv
fdqqrw eh wkh fdvh1

Dgguhvvlqj wklv sureohp/ zh vwduw zlwk nh|
glvwdqfhv ghulyhg iurp h{shulphqwdoo| ghwhuplqhg
wrqdo klhudufklhv +Nuxpkdqvo/ 4<<3,1 Wkhvh nh|
glvwdqfhv surylgh d txdqwlwdwlyh phdvxuh ri vlpl0
odulw| ehwzhhq doo 57 wrqdo frqwh{wv1 D pxowlgl0
phqvlrqdo vfdolqj vroxwlrq wkhq sodfhv wkh nh| glv0
wdqfhv lqwr irxu glphqvlrqdo Hxfolghdq vsdfh1 Wzr
glphqvlrqv dffrxqw iru wkh flufoh ri �iwkv zkloh wkh
rwkhu wzr dffrxqw iru sdudooho dqg uhodwlyh pdmru0
plqru uhodwlrqvklsv +Nuxpkdqvo/ 4<<3,1 Zh zrxog
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olnh wr hpskdvl}h wkdw wkhvh ghulyhg nh| glvwdqfhv
srvvhvv shufhswxdo ydolglw| dqg pxvlfdo phdqlqj1
Dv d qh{w vwhs/ zh gh�qh d judsk zlwk

45 pdmru dqg 45 plqru wrqdo frqwh{wv dv
yhuwlfhv/ dqg vhw wkh hgjh ydoxhv wr glv0
wdqfhv iurp wkh pxowlglphqvlrqdo vfdolqj vrox0
wlrq1 Iru h{dpsoh/ wkh frruglqdwh ri F pdmru lv
^3=89:>�3=966>�3=53;> 3=7;3` dqg wkh frruglqdwh ri
D plqru lv ^3=539>�3=:;4>�3=8;3> 3=44<`1 Wkhq/
wkh Hxfolghdq glvwdqfh ehwzhhq wkhvh wzr nh|v lv
3=97;;/ zklfk lv htxdo wr wkh zhljkw ri wkh hgjh eh0
wzhhq wkrvh wzr yhuwlfhv1 Zh fdq wkhq gh�qh O4

+ru O5, qrup hvwlpdwhv iru wkh fxuuhqw wrqdo frq0
wh{w dv iroorzv1 Lw lv zhoo nqrzq wkdw wkh phgldq ri
q srlqwv lv wkh srlqw zkrvh vxp ri glvwdqfhv wr wkh
q srlqwv lv plqlpdo1 Lq dq dqdorjrxv pdqqhu/ wkh
_phgldq% ri vrph vxevhw ri yhuwlfhv lv wkh yhuwh{
zkrvh vxp ri glvwdqfhv wr rwkhu yhuwlfhv lq wkdw vhw
lv plqlpxp1 Vlploduo|/ zh fdq gh�qh wkh _phdq%
e| xvlqj vtxduhg glvwdqfhv lqvwhdg1 Fohduo|/ vxfk
dq dssurdfk dyrlgv wkh shupxwdwlrq sureohp/ vlqfh
qr rughulqj lv lpsrvhg rq wkh judsk/ dqg lv wkxv
zhoo vxlwhg iru hvwlpdwlqj wkh orfdol}hg wrqdo frq0
wh{w1 Pruhryhu/ wklv lghd fdq hdvlo| eh h{whqghg wr
gh�qh rwkhu rshudwlrqv rq wkh judsk +h1j1 zhljkwhg
phgldq,1 Ohw xv frqvlghu dq h{dpsoh1
Vxssrvh wkdw rxu zlqgrz frqwdlqv wkh iroorzlqj

�yh nh| dvvljqphqwv= ^F pdmru> F pdmru> F& pd0
mru> F pdmru/ D plqru`1 Zh hvwlpdwh wkh nh| dv0
vljqphqw xvlqj wkh judsk0edvhg O40qrup hvwlpdwh1
Iru hdfk ri wkh �yh nh|v/ zh frpsxwh dqg vxp wkh
glvwdqfhv wr wkh rwkhu irxu nh|v1 Wkhq/ zh slfn wkh
yhuwh{ zklfk kdg wkh plqlpxp wrwdo glvwdqfh wr
wkh uhvw ri wkh yhuwlfhv/ zklfk lq wklv fdvh lv F pd0
mru1 Iljxuh 6 vkrzv wkh dssolfdwlrq ri wklv phwkrg
wr wkh vhtxhqfh ri nh|0dvvljqphqwv vkrzq lq Iljxuh
51

D �L?U*�t�L?

Lq wklv sdshu/ zh kdyh frqvlghuhg vhyhudo shufhs0
wxdo lvvxhv lq wkh frqwh{w ri pxvlf sdwwhuq uhfrjql0
wlrq1 Zh dujxh wkdw d vxffhvvixo lpsohphqwdwlrq ri
d pxvlf uhfrjqlwlrq v|vwhp pxvw lqfrusrudwh shu0
fhswxdo lqirupdwlrq dqg huuru fulwhuld1 Iru h{dp0
soh/ d phdvxuh ri uk|wkp frpsoh{lw| edvhg rq dq
hpslulfdoo| whvwhg prgho ri uk|wkp shufhswlrq dqg
vxssruwhg e| h{shulphqwv zlwk kxpdq olvwhqhuv lv
xvhg iru ghwhuplqlqj uhodwlyh zhljkwv ri slwfk dqg

Iljxuh 6= Judsk0edvhg O40qrup hvwlpdwhv ri nh|
dvvljqphqwv

uk|wkp huuruv1 Wkh slwfk huuru/ zklfk dovr frqwdlqv
d shufhswxdo huuru frpsrqhqw/ uholhv lq sduw rq d
nh|0�qglqj dojrulwkp1 Wklv dojrulwkp/ lq wxuq/ lq0
frusrudwhv shufhswxdoo| dqg pxvlfdoo| phdqlqjixo
lqirupdwlrq derxw nh|0glvwdqfhv ghulyhg iurp hp0
slulfdo vwxglhv1

+iuihi?Uit

H1M1 Fr|oh dqg L1 Vkpxohylfk1 D V|vwhp iru Pd0
fklqh Uhfrjqlwlrq ri Pxvlf Sdwwhuqv1 Surfhhglqjv

ri wkh LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Dfrxvwlfv/

Vshhfk/ dqg Vljqdo Surfhvvlqj/ Vhdwwoh/ ZD/ 4<<;1

S1 Hvvhqv1 Vwuxfwxulqj whpsrudo vhtxhqfhv= Frp0
sdulvrq ri prghov dqg idfwruv ri frpsoh{lw|1 Shu0

fhswlrq ) Sv|fkrsk|vlfv/ 8:+7,=84<0865/ 4<<81

V1 K1 Kxovh/ D1 K1 Wdnhxfkl/ dqg U1 I1 Euddwhq1
Shufhswxdo Lqyduldqfhv lq wkh frpsdudwlyh sv|fkro0
rj| ri pxvlf1 Pxvlf Shufhswlrq/ 43+5,=48404;7/
4<<51

F1 O1 Nuxpkdqvo dqg U1 Q1 Vkhsdug1 Txdqwl�fd0
wlrq ri wkh klhudufk| ri wrqdo ixqfwlrqv zlwklq d gl0
dwrqlf frqwh{w1 Mrxuqdo ri H{shulphqwdo Sv|fkro0

rj|= Kxpdq Shufhswlrq dqg Shuirupdqfh/ 8=8:<0
8<7/ 4<:<1
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F1 O1 Nuxpkdqvo/ Frjqlwlyh Irxqgdwlrqv ri Pxvlfdo

Slwfk/ Qhz \run= R{irug Xqlyhuvlw| Suhvv/ 4<<31

D1 Ohpsho dqg M1 ]ly1 Rq wkh frpsoh{lw| ri �0
qlwh vhtxhqfhv1 LHHH Wudqvdfwlrqv rq Lqirupdwlrq

Wkhru|/ LW055+4,=:80;4/ 4<:91

E1 Prqw0Uh|qdxg dqg P1 Jrogvwhlq1 Rq Ilqglqj
Uk|wkplf Sdwwhuqv lq Pxvlfdo Olqhv1 Surfhhglqjv

ri wkh Lqwhuqdwlrqdo Frpsxwhu Pxvlf Frqihuhqfh/
Vdq Iudqflvfr/ FD/ 4<;81

W1 D1 Qrghv dqg Q1 Jdoodjkhu1 Phgldq �owhuv=
vrph prgl�fdwlrqv dqg wkhlu surshuwlhv1 LHHH

Wudqv1 Dfrxvw1/ Vshhfk/ Vljqdo Surfhvv1/ 64=:6<0
:79/ 4<;61

G1 M1 Sryho dqg S1 M1 Hvvhqv1 Shufhswlrq ri whpsr0
udo sdwwhuqv1 Pxvlf Shufhswlrq/ 5=7440774/ 4<;81

L1 Vkpxohylfk dqg H1M1 Fr|oh1 Wkh Xvh ri Uhfxuvlyh
Phgldq Ilowhuv iru Hvwdeolvklqj wkh Wrqdo Frqwh{w
lq Pxvlf1 Surfhhglqjv ri wkh 4<<: LHHH Zrunvkrs

rq Qrqolqhdu Vljqdo dqg Lpdjh Surfhvvlqj/ Pdfn0
lqdf Lvodqg/ PL/ 4<<:1

L1 Vkpxohylfk dqg G1 Sryho1 Uk|wkp Frpsoh{lw|
Phdvxuhv iru Pxvlf Sdwwhuq Uhfrjqlwlrq1 Surfhhg0
lqjv ri LHHH Zrunvkrs rq Pxowlphgld Vljqdo Sur0

fhvvlqj/ Uhgrqgr Ehdfk/ Fdoliruqld/ Ghfhpehu :0</
4<<;1

L1 Vkpxohylfk dqg G1M1 Sryho1 Phdvxuhv ri Uk|wkp
Frpsoh{lw|1 +vxeplwwhg iru sxeolfdwlrq,

D1 K1 Wdnhxfkl1 Pd{lpxp nh|0sur�oh fruuhodwlrq
+PNF, dv d phdvxuh ri wrqdo vwuxfwxuh lq pxvlf1
Shufhswlrq ) Sv|fkrsk|vlfv/ 89=6680679/ 4<<71

D1 Wdqjxldqh1 D Sulqflsoh ri fruuhodwlylw| ri shu0
fhswlrq dqg lwv dssolfdwlrq wr pxvlf uhfrjqlwlrq1
Pxvlf Shufhswlrq/ 44+7,=7980835/ 4<<71

:


